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Abstract 

■^^ . In this paper we survey recent developments over the last 25 years on the mixed fractional 

rj ' moduli of smoothness of periodic functions from Lp, 1 < p < oo. In particular, the paper includes 

monotonicity properties, equivalence and realization results, sharp Jackson, Marchaud, and 
Ul'yanov inequalities, interrelations between the moduli of smoothness, the Fourier coefficients, 
and "angular" approximation. The sharpness of the results presented is discussed. 
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1 Introduction 



To open the discussion on mixed moduli of smoothness, we start with function spaces of dominating 
mixed smoothness. The Sobolev spaces of dominating mixed smoothness were first introduced (on 
M^) by Nikol'skii [49l[50]. He defined the space 



5;i''^2^(R^ 



/ G LpiK^) : 



'-W(R2) 



Lp(R2) 



+ 



grrf 



dx[ 



ri 



Lp(R2) 



+ 



Qr2f 



dx^2 



Lp(R2) 



+ 



Qri_+r2 t 



dx^i dx2 



Lp{R2) 



where 1 < p < oo, ri, r2 = 0, 1, 2. Here, the mixed derivative ri„ ra plays a dominant role and it 
gave the name to these scales of function spaces. 

Later, the fractional Sobolev spaces with dominating mixed smoothness (see {l3j by Lizorkin 
and Nikol'skii), the Holder-Zygmund-type spaces (see Nikol'skii [l9l [50] and Bakhvalov [1]), and 
the Besov spaces of dominating mixed smoothness were introduced (see Amanov [T]). We would 
also like to mention the paper [3j by Babenko which considered Sobolev spaces with dominating 
mixed smoothness in the context of multivariate approximation. It transpires that spaces with 
dominating mixed smoothness have several unique properties which can be used in different settings, 
for example, in multivariate approximation theory of periodic functions (see |69l 1.3] and [81]) or 
in high-dimensional approximation and computational mathematics (see, e.g., [76^j). 

To define Holder-Besov spaces (Nikol'skii-Besov) of dominating mixed smoothness, the notion 
of the mixed modulus of smoothness is used, i.e.. 



'^k(/)t)p — ^ki, 



where the k-mixed difference is given by 



kM^^ 


'i, . . . 


,td)p 


\h^\ 
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<U,i=l 
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A^, 


o • • • c 







\^lf\\ 



P' 



{ki,...,kd), h= {hi,...,hd), 
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and A^' is the difference of order ki with step hi with respect to Xj; for example, 
^hji^i^ ■■■,Xd) = f{xi, ...,Xi + hi,...,Xd)- f{xi, . . . , Xi, . . . , Xd), 

A^',/(xi,... ,Xd) = '^{-'^yi -jfixi,--- ,Xi + {ki - j)hi,... ,Xd), ki G N. 

In their turn, moduh of smoothness of an integer order can be naturahy extended to fractional 
order moduli. The one-dimensional fractional modulus of smoothness was introduced in the 1970's 
(see [TTl[78l|92] and the monograph [67J). Moreover, moduli of smoothness of positive orders play 
an important role in Fourier analysis, approximation theory, theory of embedding theorems and 
some other problems (see, e.g., [B71 [7S1 [521 [Sll ESI [SUES])- Note that one of the key results in this 
area of research — an equivalence between the modulus of smoothness and the ET-functional — 
was proved for the one-dimensional fractional modulus in [11] and for the multivariate (non-mixed) 
fractional modulus in |10H I102| ; see also [Ml [371 E2] • Clearly, mixed moduli of smoothness are 
closely related to mixed directional derivatives. Inequalities between the mixed and directional 
derivatives are given in, e.g., p^. 

In general, the modulus of smoothness is an important concept in modern analysis and there are 
many sources providing information on the one dimensional and multivariate (non-mixed) moduli 
from different perspectives. Concerning mixed moduli of smoothness, two old monographs [T] and 
|86j can be mentioned where several basic properties are listed. Also, there is vast literature on the 
theory of function spaces with dominating mixed smoothness (see Section [1.21 below). The main 
goal of this paper is to collect the main properties of the mixed moduli of smoothness of periodic 
functions from Lp{T'^), 1 < p < oo, from the point of view of approximation theory and Fourier 
analysis. 

This paper attempts to give a self-contained development of the theory. Since many of the 
sources where the reader can find these results are difficult to obtain and many of the results 
are stated without proofs, we will provide complete proofs of all the main results in this survey. 
Moreover, there are several results in Sections 4-11 that are new, to the best of our knowledge. 

For the sake of clarity, in this survey we deal with periodic functions on T^ . We limit ourselves 
to this case to help the reader follow the discussion and to put the notation and results in a more 
compact form. All the results of this survey can be extended to the case of T'^, d > 2. 

Let us also mention that since any Lp-function / on T^ can be written as 

f{x, y) = F{x, y) + </>(x) + '4>{y) + c, 

where F G Lp(T2), i.e., JjFdx = Jj F dy = and since a;„,,„2(/; (5i, (52)p = uJai,a2{F;h,62)p, it 
suffices to deal with functions from Lp(T^). 

1.1 How this survey is organized 

After auxiliary results and notation given in Sections 2 and 3, in Section 4 we collect the main 
properties of the mixed moduli, mainly, various monotonicity properties and direct and inverse 
type approximation theorems. In Section 5 we prove a constructive characterization of the mixed 
moduli of smoothness which is a realization result (see, e.g., [24j). This result provides us with 
a useful tool to obtain the results of the later sections. In particular, this allows us to show 
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the equivalence between the mixed modulus of smoothness and the corresponding iT-functional in 
Section 6. 

In Section 7 two-sided estimates of the mixed moduli of smoothness in terms of the Fourier 
coefficients are given. In Section 8 we deal with sharp inequalities between the mixed moduli of 
smoothness of functions and their derivatives, i.e., ujk{f,t)p and a;i(/'",t)p. Section 9 gives sharp 
order two-sided estimates of the mixed moduli of smoothness of Lp functions in terms of their 
"angular" approximations. 

In Section 10 we study sharp relationships between i^k(/;t)p and uji{f,t)p. One part of this 
relation is usually called the sharp Marchaud inequality (see, e.g., [El [22l [23] ) , another is equivalent 
to the sharp Jackson inequality ( |141 [15] ) . It is well known that these results are closely connected 
to the results of Section 8 because of Jackson and Bernstein-Stechkin type inequalities. Finally, in 
Section 11, we discuss sharp Ul'yanov's inequality, i.e., sharp relationships between Wk(/, t)p and 
^i(/,t)<? ioi p <q (see [75]). 

In Sections 7-10, we deal with two-sided estimates for the mixed moduli of smoothness. In order 
to show sharpness of these estimates we will introduce special function classes so that for functions 
from these classes the two-sided estimates become equivalences. 

1.2 What is not included in this survey 

In this paper, we restrict ourselves to questions which were not covered by previous expository 
papers and which were actively developed over the last 25 years. For example, we do not discuss 
questions which are quite naturally linked to the mixed moduli of smoothness such as 

• Different types of convergence of multiple Fourier series (see Chapter I in the surveys [29[ 1104] 
and the papers 



Absolute convergence of multiple Fourier series (see Chapter X in the surveys |29[ 1104] and 
the papers [i8[[?7]): 

Summability theory of multiple Fourier series (see the paper |103] and the monograph |105j ): 

Interrelations between the total, partial and mixed moduli of smoothness; derivatives (see 
[ini[2ll[39l[58l[88]); 



• Fourier coefficients of functions from certain smooth spaces (see, e.g., [2] [7[[29]): 

• Conjugate multiple Fourier series (see, e.g., the book [106j and Chapter VIII in the survey 
[29]); 

• Representation and approximation of multivariate functions (see, e.g., [5] \T7 \ [18 ] [20 t [64l [77] 
and Chapter 11 of the recent book [95j); in particular, for Whitney type results see [27] : 

• Approximate characteristics of functions, entropy, and widths (see [35] [63 ] [38 ] [79 ] [80 ] llOOj l. 
Also, we do not deal with the questions of 

• The theory of function spaces with dominating mixed smoothness. 
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in particular, with characterization, representation, embeddings theorems, characterization of ap- 
proximation spaces, m-term approximation, which are fast growing topics nowadays. Let us only 
mention a few basic older papers [421143^ ^]. the monograph [9] by Besov, Il'in and Nikol'skii, the 
monograph by Schmeisser and Triebel [7l]) the recent book by Triebel [93j, and the 2006's survey 
|69j on this topic. The reader might also be interested in the recent work of researchers from the 
Jena school [Si [Ml [Ml EQl [Ml EH |99] ; see also [321 [36]. The coincidence of the Fourier-analytic 
definition of the spaces of dominating mixed smoothness and the definition in terms of differences 
is given in the paper [96j . 



2 Definitions and notation 

Let Lp = Lp(T^), 1 < p < c», be the space of measurable functions / of two variables that are 
27r-periodic in each variable and such that 

II/IIlp(t2) = [J J \fix,yWdxdy < cx). 

\0 / 



Let also Lp{T ) be the collection of / G Lp{T ) such that 



2tt 



//(..,)d, = for a... 



and 

2tt 



f{x,y) dx = for a.e. y. 



If F{f,5i,52) > and G(/,5i, J2) > for all 61,82 > 0, then writing F{f, 61,82) < G{f, 81,82) 
means that there exists a constant C, independent of /, 81, 82 such that F{f, 81, 82) < CG{f, 81, 82)- 
Note that C may depend on unessential parameters (clear from context), and may change form 
line to line. If F{f, 81,82) < G{f, 8\, 82) and G{f, 81, 82) < F{f, 81,82) simultaneously, then we will 
wx\teF{f, 81,82) -G{f, 81,82). 

2.1 The best angular approximation 

By Smi,oo{f), Soo,m2(/)) ^nd Smi,m2{f) we denote the partial sums of the Fourier series of a function 
/ e LP(T2), i.e., ' 

27r 



•Smi,oo(/) = - f{x + ti,y)Dmi{tl)dti, 





27r 



. (/) = ^ / /(^' y + *2)^m2 (i2) dt2. 
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2tt 2-k 




where -Dm is the Dirichlet kernel, i.e. 

^m(t) = """"': ' :"\ m = 0,1,2,... 



sin(?n, + i)t 
2 sin* 



2 

As a means of approximating a function / G ^^(T^), we wiU use the so caUed best (two- 
dimensional) angular approximation Yra\,m.2^f^L (T2) which is also sometimes called "approximation 
by an angle" ([53]). By definition, 

'5^mi,m2(/)Lp(T2) = inf ||/ - ^^^^00 " ^"00,012 IILp{T2)) 

where the function Tmi,oo S -^p(1'^) is a trigonometric polynomial of degree at most rrii in x, and 
the function T^^rn2 ^ -^pC^^) is a trigonometric polynomial of degree at most 771-2 in V- 

2.2 The mixed moduli of smoothness 

For a function / € Lp(T^), the difference of order ai > with respect to the variable x and the 
difference of order 0:2 > with respect to the variable y are defined as follows: 

00 

ui=0 

and, respectively, 

00 

^h:(/) = E (-1)'^' (2) /(^> y + («2 - l^2)/i2), 
!/2=0 

where (°) = 1 for z^ = 0, C^) = a for 1/ = 1, (^J) = «(«-i)-j"-'^+i) for 1/ > 2. 

Denote by uja^^a2ifi ^ii ^2)1 (T2) the mixed modulus of smoothness of a function / € Lp(T^) of 
orders ai > and 02 > with respect to the variables x and y, respectively, i.e., 

U}aua2if,Sl,S2)LpiT^)= SUp jj A^^ (A^^ (y)) ||^^^^2). 

|h,|<<5,,j=l,2 

We remark that ||A^^^(A^^2(/))||i^(Tr2) < C7(ai,a2)||/||Lp(T2), where C(ai,a2) < 2L"iJ + L"2j+2. 

2.3 K-functional 

First, let us recall the definition of the fractional integral and fractional derivative in the sense of 
Weyl of a function / defined on T. If the Fourier series of a function / € L^(T) is given by 

5^c,e^"^ co = 0, 

then the fractional integral or order p > of / is defined by (see, e.g., |1071 Ch. XII]) 

1 f'^^ 
I'' fix) ■■= (/ * ^p) i^) = ^J fit)M^ - t) dt. 
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where 



(m)P 

n#0 



To define the fractional derivative or order /> > of /, we put n := [pj + 1 and 

d" 

By fyPi'P'2) we win denote the Weyl derivative of order /?i > with respect to x and of order 
P2 > with respect to y of the function / G L^{T'^). 

Denote by w},"''^^ the Weyl class, i.e., the set of functions / G L°(T2) such that /(°i'0) G ^^(T^). 
Similarly, T^p^°'"'^ is the set of functions / € L°(T2) such that /(°'"2) g ^^(T^). Moreover, W^"''"'^ 
is the set of functions / G ^"(T^) such that /(°i.°2) g ^^(T^). 

The mixed iC-functional of a function / G Lp(T^) is given by 



K{f,ti,t2,ai,a2,p) = inf \\f - 9i - 92 - gh^T^) 

I +"1 II „("!'") II _i_ +"2 II „(0''^2)|| _L -fQ^i-A^a II „(ai,a2) II 

+ *1 \\9l llLp(T2)+*2 \\92 llLp(T2)+ii ^2 Il5^ llLp(T2) 



2.4 Special classes of functions 



We define the function class Mp, 1 < p < oo, as the set of functions / G Lp(T^) such that the 

oo CXI 

Fourier series of / is given by ^ ^ ci'ui,u2 cosi^ixcosz/2y, where 

Ul=l U2 = l 

0'Ui,U2 ~ 0'V\+l,V2 ~ C'Ui,U2+l + Ciui+l,U2 + l ^ (2.1) 

for any integers i^i and 1^2 ■ Note that (|2.ip implies 

an,mi > an,m2 "ii < 1112 and ani,m > an2,m "l < ■^2- (2.2) 

We also define the function class Ap, 1 < p < oo, as the set of functions / G Lp(T^) such that 

oo oo 

the Fourier series of / is given hy ^ Yl -^mi.M2 cos2'^ixcos2^2y^ where A^^^^j ^ ^■ 

Ml=0/i2=0 



3 Auxiliary results 

3.1 Jensen and Hardy inequalities 

Lemma 3.1 |5ll Ch. 1] Let Ok > 0,0 < a < (3 < oo. Then 



^A:=l / \A:=1 / 
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Lemma 3.2 gif Let au >0,bk> 0. 

n 

(A). Suppose X^ flfc = fflnTra- If 1 < p < oo, then 
k=l 



oo oo oo 



fc=l n=k k=l 

If < p <1, then 



oo oo 



^aki^^bnj >^ak{bk-fky 



k=l n=k k=l 

oo 



(B). Suppose Y2 '^k = CLn/3n- If 1 < p < oo, then 

k=n 

oo k oo 

J2^^^{Y.^ny <Y.ak{bkPkr. 

k=l n=l k=l 

If <p<l, then 

oo k oo 

P 



k=l n=l k=l 



3.2 Results on angular approximation 

Lemma 3.3 153^ Let f £ L°(T2),1 < p < oo,ni = 0, 1, 2, . . . ,z = 1, 2. Then 

11/ - •Sni.ool/) - Soo.nal/) + Sni.na (/) llLp{T2) ^ ^ni.na (/)Lp(T2) • 
Lemma 3.4 ;54/ Let / € ^^(T^), 1< p < q < oo,e = ^ - ^,Ni = 0,1,2, ... ,i = 1,2. Then 



^2^1 -1,2^2 -i(/)l,(T2) 



oo oo I 9 

E E 2(-+-)^^1^2'?'1-1,2-'.-i(/)l,(T2) 
i^i=A''i U2=N2 



Note that similar results for functions on M can be found in [90]. 

3.3 Fourier coefficients of Lp(T^)-functions, Multipliers, and Littlewood-Paley 
theorem 

Lemma 3.5 (The Marcinkiewicz niultipher theorem, [51^ Ch. 1]) Let the Fourier series of a function 
f eLW),l <p<oo,be 



oo oo 



E E ("''i'"2'^°s^i^'^°s"'2y + &ni,n2sinnixcosn2y 

711=1 n2 = l 



oo oo 



+ c„i,„2COsnixsinn2y + d„,,n2 sinnixsinn2y) =: E E ^"i'"2(^'y)- i^-^) 

ni=l n2=l 
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Let the number sequence ('!?ni,n2)J^ n2=i satisfy 

2"l 2"2 

mi=2"l-i+l m2=2"2-i+l 

and 

2"i 2"2 

/ ^ / ^ \'^mi,m2 ^mi+1,7712 ''^mi,m2+l ~r "mi+l,m2+l| — -'" 

mi=2"i-i+l m2=2"2-l+l 

oo CXD 

for some iim'te M and any rij G N, i = 1, 2. Tiien the trigonometric series Yl Yl ^ni,n2^ni,n2 (x, y) 

ni=l n2=l 

is the Fourier series of a function (j) € Lp[T'^) and 

II</'IIlp(t2) < I1/I1lp(t2)- 

Lemma 3.6 (The Littlewood-Paley theorem, 151\ Ch. 1]) Let the Fourier series of a function 
f E L0(T2), 1< p < oo, be given by |12P. Let Ao,o := ^i,i(x,y), 

2™-! 2™'2 

Ami,o := ^ ^i.i,i(a;,y) /or mi e N, Ao,m2 := X^ ^i,z^2(^;y) /or m2 S N, 

i^l=2'"l-i+l ,yi=2'"2-i+l 

and 

2™i 2™2 

Ami,m2 := X^ X] ^1^1,^^2(2^;^) /or mi G N and m2 G N. 

jyi=2™l-l+l ;yi=2™2-l+l 

Tiien 

/ 2^^ 27r , ^ ^ . p/2 \ Vp 

II/IImt^)=< // EE<,^2) dxdy 

Lemma 3.7 (The Hardy-Littlewood-Paley theorem, |29f ) Let tiie Fourier series of a function f G 
L?(T2) be given by (TO]) . 
(Aj. Let 2 < p < 00 and 

/ 00 00 \ i/p 

-^ := E E (l"'^i."2l + I^ni,n2l + |Cni,n2l + ldni,n2 IF("'in2)^"^ < OO. 

\ni=ln2=l / 

Ti3en/GL0(T2)ai2d||/||i^(Tr2)</. 

fBj. Let f G L0(t2), 1< p < 2. Tlien I < Wfh.ij^y 

Lemma 3.8 Let f G Mp, 1 < p < 00, r^ > 0, i = 1, 2. Then 

lip(T2) ' 



00 00 \ ^/p 

EE<>-2('^i^2rM (3.2) 

1/1 = 1 1/2 = 1 / 



and 

/ 00 00 \ i/p 

II f(r-i,r2)|| , ^, ^ I Y^ Y^ „P ,/lP+P-2 r2P+p-2 1 /o oN 

11/ llLp(T2) - 2^ 2^ ai/l,i.2^1 ^^2 ■ l-^.^j 



^1/1=1 ;/2 = l 
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Proof. The proof of (|3.2p is given in [36] (see also [30]). 

Let us verify (|3.3p . If 2 < p < oo, then the estimate from above in (j3.3p follows from Lemma 
13.71 (A). If 1 < p < 2, then Lemmas 13.51 and 13.61 imply 

27r 27r ^ ^ 
" " \p/2 

Since | < 1, using Lemma [HI we get 



1^1=01^2=0 



oo oo 



TP < \^ \^ np(i^iri+U2r2) W A lip 

J^1=0 1^2=0 



In the paper [30j it was shown that HAjy^^i^jllp i$ 2*-'^i+^2)p "^a^ ^^_i| i2"'2-i|+i" Hence 



oo oo 



TP < V^ V^ ^p{i'rri+V2T2)+{i'i+y2)p-l „P 

^ Z-^ Z-^ "[2''i-iJ+l,[2''2-iJ + l 

i^l=0 1^2=0 

and by ([22]) 

oo oo 
rP < V V nP (n+l)p-2 (r2+l)p-2 

V\ = \ U2 = l 

Thus, we have proved the part "<" in (j3.3p . 

To show the estimate from below, if 1 < |3 < 2 then we simply use Lemma [3.7l (B). If 2 < |3 < oo, 
we use the inequality 



oo oo oo oo 

fl ,/'2'^ 



D 



!i/(^^'^^)|i^> E E(^i^2)-% E E «m,M./^iV2 

Ui = lU2 = l p.l=Ui fj,2=l^2 

from the paper [S2]. Therefore, by (|2.2p . 

oo oo 

Ul = l U2 = l 

Lemma 3.9 Let f G Ap, 1 < p < oo. Then 

/ oo oo \ 

ll/ll^.(T^) ^ E E ^'i.M. • (3-4) 

\M1=0M2=0 / 

This lemma is well known in one dimension ( [107^ Ch. V, §8]) but we failed to find its multivariate 
version. For the sake of completeness we give a simple proof of this result. 

Proof. Lemma 13.61 vields 

/ 27r 27r ,„ ^„ \ 1/d 

' oo oo /o \ 'P 



/ := II/IIl,(T^) >^ ( / /(EE<,^.)'^'dxdy 

V;^ ^ 1/1=01^2=0 
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Since A.^i,u2 = ''^ui,u2 cos2'^ixcos2'^2y for / g Ap, we get 

/ 2^ 2^ / oo oo \ P/2 \ 1/p 

^- / / E E-^'i,-2(cos2'^^xcos2-^y)M dxdy (3.5) 

Vq Vl^l =01^2=0 / / 

(oo CO \ 1/2 

ui=0 1^2=0 / 

Let us now verify the estimate from below. If 1 < p < 2, using Minkowski's inequality in (j3.5p . we 
have 

^^ E E ^^.^4 / / |-«2-xcos2-,rdxd, > ( E E ^^.^.' 

\yi=0i/2=0 Vg ^ ^ 1/1=0 i/2=0 

/ oo oo N 1/2 

If 2 < p < OO, then / = ||/k,(T2) > ||/||l2(t2) > E E A^^,,, . D 

3.4 Auxiliary results for functions on T 

Below we collect several useful results for functions of one variable. As usual, LpiT) is the collection 

/27r \Vp 

of 27r-periodic measurable functions / such that ||/||i (T) ~ ( / 1/(^)1'" ^1^ ) < oo and -^p(T) is 

27r 

the collection of / G LpiT) such that J f{x) dx = 0. 



Let Sn{f) be the n-th partial sum of the Fourier series / E Lp{T), i.e., 

If sin(n + 2)* 



^n(/) = .„(/, X) = i / /(X + t) ^^"f . + 2 ^^ dt. 

TT J 2 sm ^ 

"^ 



Let also f^''' be the Weyl derivative of order p > oi the function /. 
For f ^ Lp we define the difference of positive order a as follows 



00 ^ X 

a^(/) = E(-i)4j/(^ + ("-^)^)- 

!/=0 ^ ^ 



We let uJaif, 5)1 (x) denote the modulus of smoothness of / of positive order a ([HI [THl |92]), i.e., 

Wa(/,'5)Lp(T) := sup ||A^(/)||i (TT). 
\h\<5 

Lemma 3.10 HH [^ Let /, 5 G L°(T), 1 < p < 00, and a > 0,/3 > 0. Then 

(a) A-(/ + 5) = A°/ + A^5; 

(b) A-(Af /) = A^^/; 
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(c) ||A^/||^^(Tr) < ||/||l,(t). 

Lemma 3.11 fJlj I78f Let 1 < p < oo, a > 0, and T^ be a trigonometric polynomial of degree at 
most n, n € N. Then 

(a) we have for any < \h\ < — 

(b) we have 



l-n llLp(T) ^ "- ||AiJn|lLp(T)- 

Lemma 3.12 lUJI Let f e L°(T), 1< p < oo. Then 

Pn(/)||Lp(T) < II/IILp(T), ^GN. 

Lemma 3.13 ^ Let f e L'^{T), 1< p < q < oo, 9 := ^ - ^, n = 0,1,2, . . . Then 

r oo ^ 1/9 



Lemma 3.14 (The Hardy-Littlewood inequality for fractional integrals, jIOTf ) 
Let f G L°(T), 1< p < g < oo, 6* := i - |, a > 0. Then 

\\sk"\f)Km<\\st^'\f)\Km, neN. 



4 Basic properties of the mixed moduli of smoothness 

We collect the main properties of the mixed moduli of smoothness of Lp(T^)-functions, 1 < p < oo, 
in the following result. 

Theorem 4.1 Let f,g e Lp{T^), 1 < p < oo, ai > 0, i = 1,2. Then 

(1) '^ai,a2(/''^l'0)Lp(T2) = '^ai,a2 (/> 0) '^2)Lp(T2) = Wqi,Q2 (/) 0' 0)Lp{T2) =0; 

(2) WQ,^,02(/ + g,(5i,(^2)Lp(T2) ^ ^ai,a2{fi^l,h)Lp{J^) + ^01,02(9, h, S2)Lp{J2y, 

(3) '^ai,a2if,^l,^2)Lp{r^) ^ '^01,02 (/' *1' *2)Lp(T2) 

forO<6i <ti,i = 1,2; 
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(4) 






6^' 6^^ ~ t^H2 

forO<ti <Si<l,i = 1,2; 

for \i> 1, i = 1,2; 

(6) "^/Ji ,/32 (/> '^1 ) '^2 ) Lp (T2 ) < Wai ,a2 (/) '^1 > ^2 ) Lp (T2 ) 

for < aj < /3j, i = 1,2; 



,_s /fXX\ <X"1X"2 /"^ /"^'^/3i,/32(/'*1>*2)Lp(T2) dti dt: 

(7) Wai,a2(/,')l,')2)Lp(T2) ^<^l'd2 



2 



5i J<52 ^1 *2 *1 *2 



for 0<aj</3j,0<(5j<2) i = l,2 (Marchaud's inequality); 

.„. ^ai,a2(/;'^li'^2)Lp(T2) ^ ^/3i,fe (/^ '^1> '^2)Lp(T2) 

for < Oj < /3j, i = 1,2; 

(9) W;3i+ri,/32+r2(/,'5l,'52)Lp(T2) < (^['(Ja'W/?!,^ (/^'''''''\ (^1, '52)Lp(T2) 

for Pi, n >0,i = 1,2; 



<5i <52 

(10) a;;3i,/32(/^'''''''\'^l><^2)Lj,(T2) - / / *r'*r'^/3i+ri,/32+r2(/,*l,i2)Lp(T2)^Y^ 



for I3i,ri >0, i = 1,2. 

Remark 4.1 JVote that sharp versions of inequalities given in (6)-(10) can be found in Sections 
and 10 below. 
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Proof of Theorem 14.11 Properties (1), (2), and (3) follow from Lemma [3. 101 (a). 

oo 



u=0 



and the definition of modulus of smoothness. 
To prove (4), we write 

^ai,a2{f^^l^^2)Lp{T^) ^ K{f,6i,62,ai,a2,P) 



2 

^ K{f,ti,t2,ai,a2,P) ^ ^ai,a2(/>^l;^2)Lp(T2) 

r^ j.oiij.a2 "" .ai .«2 ' 

il (,2 '■1 ''2 

where the equivalence between the modulus of smoothness and the i^-functional is given by Theo- 
rem 16.11 below. 

Property (4) yields (5). Note that Lemma EIO] (b) , (c) implies \\A^J\\l^^j) < ||A^/||i^(Tr) for 
< a < /3. Then property (6) follows. 

The Marchaud inequality (7) can be easily shown using the direct and inverse approximation 
inequalities given below in this section by Theorem 14.21 Property (8) is a simple consequence of 
(4) and (7). Finally, properties (9) and (10) follow directly from Theorem 18. II below. D 

Theorem 14.11 was partially proved in the papers |73[ [31] . For the one-dimensional case see 

[m ESI EH]. 

4.1 Jackson and Bernstein-Stechkin type inequalities 

The direct and inverse type results for periodic functions on T^ using the mixed modulus of smooth- 
ness are given by the following result. 

Theorem 4.2 Let / G ^^(T^), 1< p < oo, ni,n2 = 0,1,2,..., ai,a2 > 0. Then 

vr TT 
"^ni,n2(/)L„{T2) ^ ^ai,a2{f, — T; — r)Lp(T2) (4.1) 

'^^ ' ni + 1 n2 + 1 

ni+1 712+1 
< 






I rj.i -+- I i"i ( no -+- I 1"^ 

1^1 = 1 V2 = l 



Theorem 14.21 was proved for integers ai,a2 in the paper [53]. In the general case, Theorem 14.21 
follows from Theorem 19.11 which is sharp versions of Jackson and Bernstein-Stechkin inequalities. 
For non-mixed moduli of smoothness, see |5H Ch. 5] and [86, Chs. V-VI]. 

Remark 4.2 JVote that the results of Theorein \4. 1 1 and Theorem 14. 21 also hold in Lp(T^), p = 1, oo; 
see \62\ for Theorem 14.11 (l)-(8) and Theorem \4.2\ Moreover, the Jackson inequality i4.1\) is true 
inLp{T^), 0<p< 1; seeing. 
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5 Constructive characteristic of the mixed moduh of smoothness 
Theorem 5.1 Let f € ^^(T^), 1< p < oo, ai > 0, m £ n, i = 1,2. Then 

^ Til ^2 J^p{^ ) 

+ ^2"°1I^K(/-^n„oo(/))||L,(T2) 

+ 11/ - Sni,oo(/) - Soo.nal/) + •Sni.na (/)l ILp{T2)- 

Proof. Using properties of the norm we get, for any hi and rij G N, i = 1, 2, 

||A-^HA^^^(/))||l,(T2) < l|A°l(A^^^(/ - Sn.Mf) - Soo,n,{f) + ^ni,n, (/))) ||l,(T2) 

+ \\K\{Kl{^n,,oo{f - Soo,n,)))\\LAf^) 

+ \\/\ll{All{Sn,,n,{m\\LAf-) =:h+h+h + h. 

First we estimate Ii from above. Denote ip{x,y) := / — Sni,oo{f) — Soo,n2if) + '5rM,n2(/)- By Lemma 
13.101 (c), we have for a.e. y 

Then 



27r 27r 27r 27r 



|A^^HA^,^M)rdxdy< / / \Af^l{^)\Pdxdy. 





Therefore, Ii < ||A^^((/9)||^ (^2) =: I^. Using Lemma [3.101 (c). we have for a.e. x 

277 \ Vp / 27r \ Vp 

lA^^^M^dy < ijl^fdy 

Then 

27r 2tt 2it 2it 

j j\All{^)\Pdydx< j j\^\^dydx 

DO 

and h < IIV'llLpCTa)- Thus, h < \\f - S„i,oo(/) - Soo.nal/) + ■5ni,n2(/)llLp(T2)- 

Similarly, to estimate I2 from above, we denote ip := f — Soo,n2(/)- -^y Lemma [3. 101 (c). for a.e. 

X, 

277 \ Vp / 27r \ l/P 

y'|A^^^(A^^^(.„„oo(V')))rdy < y"|A-^H5n„ooW)rdy 

Hence, 

271 27r 27r 27r 



|A^^^(A^^^(s„,,oo(V)))rdydx< / / \A",l{sn„ooWWdydx 



00 00 



M. Potapov, B. Simonov, and S. Tikhonov 16 

and I2 < ||A^^^(s„i,oo(V'))IIlp(t2) =: h- Now by using Lemma [MU (a) , we get for a.e. y and any 
hi G (0, ^) 



Then we get 

27r 27r 27r 2tt 

A^J(.„„oo(V'))r dxdy < nr°^ 11 |4^i^)(V')r dxdy. 
00 00 

Hence, Iq < n^"'^ \\sl^^];^' {il;)\\x^^^j2y We have shown that, for < |/ii| < ^, 

^2<nr"NlsK)(/-Soo,„,(/))||L,(T2). 

Similarly, we obtain 

forO<|/iil<^, 0<|/i2|<^. 
Finally, 

vr vr 

Wqi,q2(/) ) )Lp(T2) ^ 11/ - 5ni,oo(/) - Soo,n2(/) +Sni,n2(/)llLp(T2) 

and the upper estimate follows. 

To prove the estimate from below, we use Lemma [3.3l Theorem l4.2t and properties of the mixed 
modulus of integer order 



-4l := 11/ - S„i,oo(/) - SooMiif) + ■5ni,n2(/)llLp(T2) ^ ^ni,n2 (/)Lp(T2) 

^ '^L"iJ+i,L"2j+i(/' ;^7^' ^2 + l^^^(^') ^ '^L"iJ+i,L"2j+i(/' — ' ~)-f^p(T2)- 
By Lemma [3. 101 (b). we get 

Ai < sup ||Ai-J+^--(Ai-J+^--(A-(A-(/))))||^^(,2). 

Using Lemma 13.101 (c), 

vr TT 

|fe,|<i^i=i,2" "' ' '" ""'" ' ^' "'" ni' n2 

Now let us estimate 



^1 < _ sup ||A^^^(A^^^(/))|U^(Tr2) =u;,„„2(/,-,-)l,(t2) 

1,2 

^2:=|lsK)(/-Soo,n2(/))llL,(T2). 
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Defining ^{x,y) := f{x,y) — Soo,n2if) aiid using Lemma [3. Ill (b). we have for a.e. y 

||5n,oc(7)rdxl <nr I /|Al(s„„oo(7))rdx 
Hence, 



"1 
.0 / \o 



271 27r 27r 27r 

kn„oc(7)rdxdy<nr^ / / |A^(s„„oo(7))r dxdy, 







and 



^2<nrilSni,oo(A^(7))llL,(T2)- 
"1 

Lemma 13.121 implies 

^2<<M|A^(/-5oo,n,(/))||L,(T2). 

Defining A^/) =: F, we get A2 < n^'\\F - Soo,n2iF)\\rn^). Since so,oo(i^) = so^n^iF) = 0, tlien 

^2 < <^ ||F - So,oo(F) - Soo,n2(i^) + S0,n2(i^)llL,(T2)- 

Therefore by Lemma l3.3| Theorem 14. 2| and the properties of the mixed moduh of smoothness 

Using Lemma 13.101 (b), we have 

A2 < nr sup ||Ai-J+\Ai-J+^--(A-(F)))||^^(,.). 

Now Lemma 13.101 (c) yields 
A2<nr sup ||A-^^(F)||^^(Tr2)=nr sup ||A-^^(Al(/))||^^(Tr2) < nra;„,,,(/, -, -)i^(Tr2). 

|/12|<— 1/12|<— "1 "-1 "2 

' — ^2 1^1 — 7i2 

Similarly, one can show that 

^3 := PS'.na^/ - •Sni,oo(/))||Lp{T2) ^ <'w„i,c.2(/, — > — )Lp(T2) 

and 

' ^^ ' ni 71-2 

Finally, 

11/ - Sni,oo(/) - Soo,n2(/) + ^m.na (/)l ILj,(T2) + ^^F"' I kfe^^C/ " ^00,^2 (/)) I ILj,(T2) + 

^2""^l|s£n^2^(/-«ni,oo(/))||L,(T2)+nr^n-"^ll4^:A?H/)llL,(T2)<a;a,a2a^ 

Tt]^ Tt2 

i.e., the required estimate from below. D 

Theorem 15.11 was stated in the papers |561 [73] without proof. This statement is called the 
realization result; in dimension one, see [23] for the moduli of smoothness of integer order and |74] 
for the fractional case. For the non- mixed moduli of smoothness of functions on M'^ see, e.g., \25\ 
(5.3)]. 
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6 The mixed moduli of smoothness and the i^-functionals 
Theorem 6.1 Let f G ^^(T^), l< p < oo, ai > 0,0 < 6i < TT,i = 1,2. Then 

(^aua2{f,h,S2)Lp{J'2) '^ K{f, 6i, 62, Oi, a2,p). (6.1) 

Proof. For any 6i G (0,7r] take integers rii such that ^^^^ < 5i < ^,i = 1,2. If f £ Lp(T^), then 

(Sni+l,oo(/) - Sn,+l,n,+lif)) G H^^"^'°^ {Soo,n,+l{f) " S„,+l,n,+l (/)) G TVf "^); 

Then it is clear that 
K{f,6i,62,ai,a2,p) 

< 11/ - (Sni+l,oo(/) - •Sni+l,n2+l(/)) " (•Soo,n2+l(/) " •S„i+l,„2+l(/)) - Sni+l,n2+lif)\\Lp{T2) 

+6r6T\\si:ri:Liif)\\LAT^) 

< 11/ - Sni+l,oo(/) - Soo,n2+l(/) + Sni,n2 (/) IILj,(T2) + ^r"' l|si?+l!oo(/ " Soo,n2+l(/)) IILp(T2) 

+ ^2-"1I^S,:2+l(/ - «n,+l,oo(/))||L,(T2) + ^r"^^2-"1l4?+?:i2+l(/)llL,(T2). 

By Theorem l5.lt the last expression is bounded by ujai,a2{fj n\i ' n\i ) l (j^) ^^*^ therefore 

K{f,6i,52,ai,a2,p) << uJa^aiif, h,^) j^^(j2y (6-2) 

and the part ">" in estimate (|6.ip follows. 

Let us prove the part "<" in estimate ()6.ip . Take any functions gi G Wp' , 52 G Wp '"^ , and 
g G Wp''^^. Then using Theorem 14.11 (2). we get 

'^01,02 (/''^1i<^2)lp(T2) ^ '^01,02(1 -91-92- 9,^1,^2)lp{T2) + '^01,02(91, ^1,^2)lp(T'2) 

+ Woj,a2(5'2,'5l,'52)Lp{T2) + '^ai,a2 (Si f^l ) '52)Lp(T2) =: -^1 + </2 + -^3 + Ja- 

By LemmaElOl we have Ji < ||/ - 51 - 52 - 5|Ilp(t2)- 

To estimate J2, for any 5i G (0, vr] we take integers n, such that ^n^+i < 6i < 2^, i = 1,2. We 
consider B2 := (^ai,a2(5i) 2^) 2^)l (j^)- Lemma [3.101 yields 

■7T" '7T '7T" 71" 

^2 < UJa^,a2{9l - S2^i ,^{91), ^, ^) L^^j2) + UJai,a2{s2^l ,^{91), ^, ^) L^^j2) 
< II5I -•S2"i,oo(5'i)IIl„(T2)+ sup ||A°i(s2"i,oo(5i))IIl„(T2) =: -^21 + -f22- 

Using Lemma [3. Ill (a) and Lemma [3. 121 we get for a.e. y and < hi < ^ 

2iT V 1/p . 27r ^ 1/p . 27r ^ 1/p 



■ n ' \ n / \ n 



|<7^'°Ydx 
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Then the inequahty 

2n 2n 2tt 2n 

y"y"|A^Js2"i,oo(5i)rdxdy<2-"i"i^y"y"|<7^^'°^rdxdy 



imphes J22 ^ 2~"i°i ||g(|"^' -^H^, (j2y Smce gi € Lp(T^), then Lemmas 13.51 and 13.61 give 

2^^ 27r „ „ . 1/p / 2;r 2Tr ^ ^ . 1/p 



00 00 



•'- s / / ( E E ^5,,^) d-d. < 2—. / / ( E E 2'-- a;.,.,)" d^d!, 



\ Q Q 1^1=1^1 U2=0 / ^00 ''i="i i^2=0 

Using again Lemmas 13.51 and 13.61 and further Lemma 13.121 we get 

T < o-nioiii (01,0) / (cn,0)N|t 

-'21 ^ ^ llffl - S2"i-l,oo(,5'l JllLp{T2) 

< o-niQi /^ii (01,0)11 I Ho /'^('^1'*')mI ^ < o-"iai |l„("l>0)|| 

^ -^ (^Il5l llLp{T2) + ll'S2'H-l,oo(,5'l )\\Lp{J2)j^2 '\\g^ IILp(T2)- 

The estimates for J21 and J22 imply 



^ <2-ni"i||>i.0)| 

^ r-^ I |l7 1 I 



Lp(T2)- 



Using properties of moduh of smoothness, we get cJqi, 02 (51,51, (^2)^ (-1.2) ^ ^01,02(51, #r' #2")l (t2) 
and 

7 ^ o-"ic«i iu("i>0) II 

-'2^2 ^iifii^ IIlp(t2)- 
Similarly, 

7 ^ O — "2C*2II (0>'^2)|| 1 J ^ r)^"lCH^"2C«2 II (01.02)11 

<^3 < 2 ^\\g'2 ||lp{t2) and J4 < 2 ^ ^ ^ 2||gV 1. 2^||^^^^2^_ 
Finally, combining estimates for Ji,J2,J3, and J4 , we get 

<^aua2{gi,^l,h)L^(^j2) ^ 11/ -51 -92 - g\\Lp{J2) + (5°' l^l ' ||Lp(T2) 

_L A02 II „(0,Q!2) II _L X01X02 II „(ai,«2) II 

+ (>2 \\92 llLp(T2)+'Ji C>2 115^ llLp(T2)- 

Since the last inequality holds for any gi € Wp' , g2 S Wp '"^ , and g G Wp'"^, we get 

^ai,Q2(fl'i,'^i,'52)i^(T2) ^K{f,6i,52,ai,a2,p) (6.3) 

and therefore the proof of the part "<" in estimate (j6.ip follows. D 

In the case of integers ai and 02 Theorem 16.11 was proved in the paper [65] for 1 < p < 00, 
and in the paper [13] for p = 00 using different methods. In the one-dimensional case and in 
the multivariate case for non-mixed moduli of smoothness, the equivalence between the moduli of 
smoothness and the corresponding ii'-functionals was proved in [37] (see also [BJ p. 339]). 
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7 The mixed moduli of smoothness of Lp-functions and their Fourier coefficients 

The classical Riemann-Lebesgue lemma states that the Fourier coefficients of an Lp(T^) function 
tend to as \n\ -^ oo. Its quantitative version is written as follows: 

where 

and the Fourier series of / € Lp (T^),l < p < oo, is given by (|3.ip . We extend this estimate by 
writing the following two-sided inequalities using weighted tail-type sums of the Fourier series. 

Theorem 7.1 Let f G Lp, 1 < p < oo, and the Fourier series of f be given by (13. J |) . Let 
T := max(2,p), 6 := min(2,p), ai > 0, a2 > 0, and ui € N, n2 E N. Then 

m<^o.,,Jf,-,-)^ ^^,<nri (7.1) 

V ni n2/Lp(T2) 



where 



ni 712 1 -^/ " ^ ( ni oo 



l/* , f ni oo "\ '-/^ 






z/i=li/2=l / \ ui=l V2='n2+l 



n "'2 



^ ( oo 112 \ /^ f oo oo ^ ^/^ 

2 (^ i/^=ni + l 1/2=1 J I i/i=ni+l i/2="2+l J 

for 1 < s < oo. 

The next two theorems provide sharper results than (|7.1|) for special classes of functions defined 
in Section 2.4. In particular, these results show that the parameters r = max(2,p) and 9 = min(2,p) 
in (|7.1|) cannot be extended. 

Theorem 7.2 Let f € Mp, 1 < p < oo, ai > 0, 02 > 0, ni € N, n2 G N. Then 



-, -, -, ( n\ n2 

^a\,a2\J^ ) )^ ,^„, ^ ~cri^ 02"! /^ / ^ '^v\M2^1 



(ai + l)p-2 (a2 + l)p-2 
^ "i^l,i^2'" 
;yi = ll/2= ^ 



^ (' Til 00 "\ ^/P ^ I" 00 n2 

+;^ E E ^.A"'*'"-'^.-'') +-^A E E^.^-f 

1 \v^ = lu2=n2+l ) ^ I i/i=ni+l 1/2 = 1 



1/P , r 00 na ^ Vp 

p ,,p-2,,(a2+l)p-2 I 



00 00 



1/p 



+ E E <,.2(-i-2r^ 

I !/i=?ii+l i/2=n2+l 
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Theorem 7.3 Let / G Ap, 1 < p < oo, ai > 0, 02 > 0, n^ = 0, 1, 2, . . . , i = 1, 2. Then 

/ 1 1 N -, r ni na ^ V2 

M f — —] - ^^ I V V A^ 22(/^i"i+^2°2) I 

L/ii=0M2=0 J 



2niai I Z^ Z-,- M1.M2 I "•" 2n2a2 | Z^ Z-,- M1.M2 



{00 00 ^ l/^ 

E E 'I, J ■ 
lil=ni+l fi2=n2+l ) 

Proof of Theorem 17.11 By Theorem I5.H we have 

+ ||(/ - S„i,oo(/) - Soo.naC/) + «ni,n2 (/)) IILp(T2)- 

Let first 2 < p < oo. Then taking into account Lemmas 13.51 and 13.71 (A), we get 



ni "2 , y^ 



V\=l U2 = l 

n\ oo 



(ai + l)p-2 p-2^ ^/P 



1/1=1 i/2=n2 + l 

oo n2 -, / 

vi=ni+l U2=l 
oo oo -. , 

+ ( E E p'...M^^r-') ■ 

ui=ni+l U2=n2+1 

Therefore, for p > 2 we show the estimate from above in Theorem I7.1[ 
If 1 < p < 2, then Holder's inequahty gives 

^ai,02 I Jl 1 I r^ ^^01,02 I /' 1 

V ^1 '^2/Lj,(t2) V "1 ^2/l2(T2) 

Thus, the estimate from above is obtained. 
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To prove the estimate from below, if 1 < p < 2 , we use Lemmas 13.51 and 13.71 (B): 

Ui=l 1/2 = 1 
711 OO 



(qi+1)p-2 p~2\^/p 
OO n2 



ui = l U2=n2 + 1 
"2/ V^ S^ ^ ,,p-2,,(a2 + l)p-2\^/P 



+ "2-"^( E E/'^^.^.'^r" 

1/1=711 + 1 1/2 = 1 

+ ( E E /..2(-i-.rV''- 

!/l=711 + l U2=n2 + 1 

Let now 2 < p < cxd. Applying Holder's inequality once again, we get 

^ai,a2 I /) ; I ^ '*^ai,a2 I /' ' I 

V »^1 "2yL^(T2) V "1 »^2 7^2(12) 



Proof of Theorem 17.21 Let us denote 

011^-02 II (ai,a2) 



i:A'^^^(/)IIl,(T^), h :=nrMkK^(/-^oo,n2(/))llL,(T2), 



ii := n^ 'n^ -||s„ 

h ■■= n2"°'||s(^',^'2^(/-S„i,oo)||Lp(T2), -^4 := ||/-Sni,oo(/)-Soo,n2(/) + S„i,„2||Lp(T2) 

and 



"1 712 1 / 

1/1=1 1/2 = 1 
711 00 1 / 

^2 •- "1 (^2^ 2^ <i,i/2^1 ^^2 ) ' 

1/1=1 1/2=712 + 1 

00 n2 -I / 



^3 := -2-"H E E 

l/p 



Vi,i/2''l "^2 
ui=ni+l 1/2 = 1 

00 00 

^4 := ( E E -'^ 

1/1=711 + 1 1/2=712+1 



ai^i ,1/2 1^^1 ^2)^ ^ 



D 



Let us establish the interrelation between Ii, 12,13,14 and ^1,^21 ^3) ^4- By Lemma 13.81 we 
have 

h >i /4i. (7.2) 

To estimate I2 and /42, we use 

Til 00 

m{x,y) := E E a;!;i,,,2Cosi^ixcosi/2y (7.3) 

1/1 = 1 1/2 = 1 
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and 

ni 712 

V2{x,y) ■=^ J2 oZ^,u2^o^^ix^o^^2y, (7.4) 

where 

* ._ j^''i,''2 fo^ 1 < i^i < "-1, i^2 > f^2 
'^^''^^ \a'ui,n2 for 1 < J^i < ni, 1 < 1^2 < "-2- 

Then 

4^:^H/-^oo,n2(/)) = (^l-^2)("^'°). (7.5) 

Let us first estimate l2- It is clear that 

T <r -"1 \\\ ("1.0) II , II ("2,0),, 1 

h<n^^\\\r]\ '||lp(t2) + II??2 IIlp(t2)J- 

Now Lemma 13.81 implies that 



n\ oo 



* (ai+l)p_2 p-2\l/P 



ni 712 1 / 

!/l = l !^2 = 1 

ni OO -. , 

^ -r(E E «i5..2-i"^^'^^"'-f-'' 

v\=\ U2=n2+1 



+ ^r^(E<>n2^i 



(qi+1)p-2 p-l\ Vp 
"-2 



1/1=1 

ni n2 



->-5\ 1/P 



< A2 + nr-n,-- ( Y: E <,.2-i"^^'^^"'-r^^'^^"0 < ^2 + ^1. (7.6) 

^l=1^2=L^J+l 



Estimating j42 from above, we write 

m oo 

^^^-r-(EE( 

Ui=l U2 = l 



^v^.v2r^i 



p („,+1)p_2^_P_2\Vp 



Lemma [STSl and formulas (|7.3p - (j7.4p imply 

^2 ^ "-1 ||??i llLp(T2) ;^ ^2 + "-1 ||??2 llLp(T2) 



and 



'1-1 't^ 



2 

Vl = l !/2 = l 

■ 1/p 



1/p 



< l2 + nr- 2: al^^^/r^'^--'nl-^) " < I, + A, 



1/1=1 
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Now we use (j7.2p to get 

Similarly, we get 

and 

Thus, it is shown that 



A2< I2 + Il- 
ls <Ai+ A3 
As<h + Ii. 



Ai+A2+A3^Il + l2 + l3. 

Now we consider B := f - s„i,oo - Soo,ni + Sm.na and 



00 00 



ipi{x,y) := X] X^ bu^^u2Cosiyixcosiy2y, 

!/l = l U2 = l 



m 00 



952(2;, 2/) := ^ ^ 61.1,1,2 cos i/ix cos z^2y, 

00 712 

993(x,y) := ^ ^ 61.1,1,2 cos i/ix cos z^22/, 

1^1=711 + 1 !/2 = l 

ni n2 

¥'4(2;, y) := X^ X^ 61.1,1,2 COS z^ix COS 1/22/, 

1/1 = 1 U2 = l 



where 



^ui,i/2 ■- 



'■V\,V2 



'•v\,n2 



for vi > ni,f2 > n2, 

for z^i > ?^l , 1 < ^^2 ^ 'T'2 ) 

for 1 < J^i < ?^l , 2^2 > 'T'2 5 

for 1 < J^l < f^l, 1 < 2^2 < ^2- 



Then 



B = ^pi-(p2-^3 + ^A- 

We first estimate 

I4. = ||-B||lp{T2) ^ II</'i||Lp(T2) + ll'y^2||Lp{T2) + IIV'S ||Lp(T2) + 119^4 ||lp{T2) • 

Lemma 13.81 yields 



CXD 00 



00 00 



!^l=l 1/2 = 1 



i/l=ni+l 1.2 ="2+1 



rf,. ,.(1/11/2)''-^ 



i/i=ni+l 



(7.7) 

(7.8) 

(7.9) 

(7.10) 



(7.11) 



p p—2 p— 1 

^i/i,ra2'^l ""2 



p-2 p-1 



i/2=n-2+l 



,P-l =: J^ + J2 + J3 + J4. 
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To estimate 11922 ||lp(t2)) we consider 



ni oo 

mi(.x,y) := X] X] ^i!^i,i.2C°sz/ixcosi/2y, 

1^1 = 1 U2 = l 
rii 112 



Ul = l U2 = l 

where 



b 



bui,u2 for I < 1^1 <ni,U2 > 71-2, 



1^1,1^2 



1- 



[bi,i,n2 for 1 < J^l < "-1, 1 < 1^2 < "-2- 
Then ||9?2||lp(t2) < \\^2i\\lp{i:^) + II¥'22|1lp(t2)- Using LemmaESl we have 

ni oo ni oo 

1^1 = 1 1/2 = 1 Ui = lU2=n2 + l 

+ Y. K.,n2^r'nr' < E <uuA''<~'+<un2(^i^2r~'=--J^ + J^^ 

ui=l U2=n2+l 

rii n2 

ii9^22||l,(t2) ^ E E (Kuu2n^i'^2r-' ^ <,n2i^in2y-' < j^- 

Ul = l U2 = l 

Therefore, ||¥'2||^p(x2) ^ Js + Ji- Similarly, ||</'3||^p(Tr2) <, J2 + Ji and 1195411^^(^2) < Ji- Combining 
these estimates, we get 

{00 00 ^ i/p r 00 ^ i/p 

E E <.M-2Y^'\ + E <n2-r'\ ^ 

{00 1 ^Z*' 1 

E "ni,'^2^r^ f "-1 " +anl,r^2('^l'^2)^~'^• 
^^2=™2+l / 

Note that the latter inequality holds also if ni = and/or n2 = 0. It is easy to verify that the last 
estimate implies 

h<Ai+A2 + A3 + A4. (7.12) 

Let us estimate A4 from above. It is clear that 

{00 00 ^ i/p 

EE^^i,^2(-i-2r' • 
1^1=1 1/2=1 J 

LemmaESlyields A4 < ||v7i||lp(t2) and, by (ILllD, we get A4 < \\B\\Lp(j2) + \\ip2\\Lp(T^) + \\V3\\LpiT^) + 
I|¥'4||lp(t2)- Then 

r 00 ^ i/p , 



'^1/1 ,712 '^l 



^4 < ^4 + ^2 + J3 + ^4 < ^4 + < E 

Ui=i } 

+ { E '^"i,'^2'^2 f ™1 '^ +ani,n2("'in2)^ P < /4 + ^2 + A3 + Ai. 
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Using estimates (jT.lOp and (|7.12p . we have 

A4<Ii+l2 + h + h- 
Tliis, (mUD and ([7J2]) give us 

II + I2 + ^3 + -^'4 >< ^1 + ^2 + ^3 + ^4- 

Since Theorem 15.11 implies 

1 1 V 
/,— ,— X/1+/2 + /3 + /4, 

the proof of Theorem 17.21 is now complete. 



(7.13) 



D 



Proof of Theorem 17.31 Theorem 15.11 implies 

1 1 ^P 



1 : — ^ai,a2 I / 



2"! 2"2 



Lp(T2) 



niair,^7i2a2 II £,("i'"2) ii 

Z |P2"l,2"2 llLp(T2) 



+ 



2-"^"Ml4"iS(/ - ^oo,2"2(/))||i^(T2) + 2-"^<^^||s£2^h/ - S2"1,oo(/))||l,(T2) 



+ 11/ - S2"l,oo(/) - Soo,2"2(/) + S2"i,2"2(/)|[lp(t2) 

Lemmas 13.51 and 13.91 yield 

1/2 
> 



ni n2 



A»l=0/i2=0 

1/2 



ni 00 



00 712 

A«l=ni+1 M2=0 



A«l=0/i2=ni+l 

1/2 



2 o2oi^i 

A«liM2 



1/2 



A«l=ni+1 /i2=n2+l 



/i2 



i.e., the required equivalence. D 

Theorem 17.11 is stated in the paper [31], while Theorems I7.2ll7r3] can be found in the papers 
|3H [56t [57] . The one-dimensional version of Theorem 17.21 for functions with general monotone 
coefficients is proved in [33]. Theorem 17.31 is given in [7J in the case of integer order moduli. 



8 The mixed moduU of smoothness of Lp-functions and their derivatives 

Let 1 < p < 00. We start this section with two well-known relations for the one-dimensional 
modulus of smoothness: for /, /('^^ € Lp(T), we have the estimate (see [HI p. 46]) 

ujr+kif, S)LpiT) < S^u;rif^''\6)L^^j), where r, /c G N 
and its weak inverse (see [19^ p. 178]) 



Kfc) A^. _ < f^ '^r+kif,u)L^(j) 



UJr{f''>,d)L,m 



,k+l 



du, where r, A; € N. 
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The analogues of these inequahties for the mixed nioduh of smoothness are given by 

tl ""^h '"^'^/3i+ri,/32+r2 (/) ^l) *2)Lp(T2) 



< 



dti dt2 







where /3j,rj > 0, j = 1,2 (see Theorem 14.11 properties (9) and (10)). 

Now we provide a generahzation of these estimates (see [58] )■ Note that this idea goes back to 
the papers by Besov [8] and Marcinkiewicz [l5]. We also remark that the right-hand side inequality 
was done for non-mixed moduli in [26^ I91j . Moreover, a similar estimate for mixed moduli of 
smoothness of functions defined on W^ was proved in 



Theorem 8.1 Let f G L°(T2),1 < p < oo, 6* := min(2,p),r := max(2,p), /3i , /32 , n , r2 > 0, and 
61,62 e{0,^). If 



1 1 



1/9 



,-rie-l,-r2e-l 



*1 ^ *2 ^ ^ri+/3i,r2+/32(/'*l'*2)Lp(T2) dti di2 < OO, 



vO 



then f has a mixed derivative /('"i'^'^) £ Lp(T^) in the sense of Weyl and 

U^,Mf^'^^''\6,,52)L,iT^) < { f /tr^'-'t2"'^'-'<+/3„.2+/32(/'^l'*2)L,(T2) dt^ dt2 \ . (8.1) 



.0 



If f ^ Lp(T^) has a mixed derivative fy^^^^^i £ Lp(T^) in the sense of Weyl, then 



Si S2 



,— rir— 1 ,— r2r— 1 



^ri+/3i,r2+/32(/'*l'*2)Lp(T2) dti dt2 



.0 



1/r 



<t^^,,^,(/(^l'^2),5l,52)L,(T2). 



Now we deal with the function classes Mp and Ap defined in Section 2.4. 
Theorem 8.2 Let f € Mp,l <p < 00, A , /?2 , -ri , ^2 > 0, and 61,62 G (0, i). Then 

{Sl &2 


Theorem 8.3 Let / G Ap, 1 < p < 00, f3i, f32,ri,r2 > 0, and (5i,(52 G (0, ^). Then 



i/p 



^/3i,/32(/^^^'''^Ui,'^2)l,(T2) 



(5i <52 



2ri-l ,-2r2-l, ,2 



t7"'i~"t 



W, 



ri+/3i,r2+/32 



if,h,t2)Lp{J^) dti dt2 



ko 



1/2 
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Proof of Theorem 18.11 We choose integers ni,n2 such that 2 "» < 5j < 2 "'+i, i = 1,2. 
Lemmas 13.51 13.61 and Theorem 15.11 we have 



By 



0J^,Mf^'^"'''\Su52)p < 



oo oo 



+ 2 



+ 2 



-ni/3i 



'"2/32 



,yi=2"i+li^2=n2+l 

2"l 00 

E E ^r-'''v2^M,,,,(xi,x2) 

00 2"2 

^ j;^[V2^^+'^M,,,,(xi,X2) 
ui=2"'i+lu2=l 
2"l 2"2 



^^1 = 1 i^2 = l 
A + /2 + /3 + ^4 



where ^i/n/j is given by ()3.ip . Estimating /2 as fohows 



27r 27r 



J < 2-"iPi 



.0 



ni 00 



y^ y^ 22iyi{ri+l3i)+2iy2r2 ^ 
.ui=0 U2=n2+1 



2 

U1U2 



p/2 



dxi dx2 



i/p 



we use 



2/61 



and Minkowski's inequahty. Hence, 



j = l,2, 



, < 2-«ift <^ 



27r 27r 







e/2 



y^ 2i2r2e y^ y^ 22'^i(''i+/^i)a 

^2=^2 + 1 \1'2=C2 1^1=0 



2 
U1V2 



p/e 



dxi dx2 



i/p 



Applying again Minkowski's inequahty for sums and integrals, we have 



h < < 



2^^ 27r , „^ ^ > p/2 



0/p>| 1/e 



2-niPie y^ 252'"2^ \ ( ^^ Y^ 22^i(^'i+'3i)A 

;2=™2+l \o \i^i=0i^2=C2 



!^li/2 



dxi dx2 



i.2) 



Using now 



2-nj^je ^ y^ 2-ijl3j9^ j = l,2, 



(8.3) 
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as well as Lemmas 13.51 13.61 £^i^d Theorem 15. H we get 



h < < 



Y^ 2~^ihe Y^ 2«^ 



r20 



2^1 oo 

!^1 = 1 1/2=2^2+1 



1/e 



V) 



{oo oo \^' 



For the estimate of I^ we use the same reasoning: 



h < < 



oo oo 



5i=ni ^2=n2 



oo 2^2 

j/l=2«l+l 1^2 = 1 



1/0 



P) 



- "^ E E ^^"^'^^^'''^'^n+/3i,r2+/32 (^/'^'^J 



Cl=ni6="2 



1/e 



Now we estimate Ii. 

( 2-K 2-K 



h < i 



ko 



oo oo 



y^ y^ 22iyiri+2iy2r2 /s^ 

Ml=ni + 1 1/2 ="2 + 1 



2 

UlU2 



p/2 



l/p 



< 



< 



< 



27r 27r 



y^ 2^2^26 

^2=n2 
00 00 



00 00 



dxi dx2 



p/2 



e/p\ i/e 



vO ^I'l ="1+1*^2=6 + 1 



i/l!/2 



dxi dx2 



2^^277,^ ^ > p/2 



1/e 



^l=ni 6=712 \q q \i^l=Cl + l 1^2=6 + 1 ' 



dxi dx 



lUX-2 



00 00 



y^ y^ 2^i'"i^2^2»-26» 

gl=ni S,2=n2 



00 00 



E E ^'^i^2(a^i>2;2) 

!yi=2«l+l!/2=2^2+l 

1/6 



P; 



1/e 



00 00 



^ Z^ Z^ ^ ^ '*^n+/3i,r2+/32 \^^' 26 ' 2€: 

Cl="-1 52="2 
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To estimate I4, we use the expression (|8.3p twice: 

2lT 2lT 



h < 2""i^i2""2/^2 , 



KO 



ni n2 



J-i\=0 P2=0 



1/11/2 



p/2 



1/p 



dxi dx2 



< 



00 00 



y^ y^ 2~^i''i^2~^2/32e 



2?l 2^2 

/ , '^l ^^2 -4,^1 i/2 (, 2^1 1 2:2 j 

1/1=1 i/2 = l 



p; 



00 00 



5i="i €2=^2 



^ri+(3i,r2+l32 I /' 2^ ' 2?2 



1/9 



Collecting estimates for Ij,j = 1,2,3,4, we finally get 






.5l="i + l 52=^2 + 1 

and dHU) follows. 

Now let us prove the reverse inequality. We denote 



<5i 52 



K :-- 



— rir— 1.— r2T— 1 r 



tr'i'^^t 



tj. 



''I +^1, 5^2 +^2 



{f,ti,t2)T{j2) dti dt2 





oo oo 



5l=ni C2=n2 

Using Lemmas 13.51 13.61 and Theorem 15.1 



< ^ E 2^"^^2«"^^<+/^.^2+/32 /,^ 



p(Tr2) 

1 1 

2€2 



oo oo 



^ ^ E E 2^i''i^2^2r2r 



oo oo 



E E ^i^i<^2(a;i,a;2) 

Vl=2«l+l!^2=2«2+l 



oo oo 






oo oo 



y^ y^ 2-~iil3ir2i2r2T 



oo 2^2 


r 


Y, Yu;'^^'A,,,,{x,,x2) 




ui=2ii+l 1^2=1 


P 


2«i oo 


r 


Y, E ^r''''^^.i.2(^i,^2) 




1^1 = 1 ;y2=2«2+l 


P 



oo oo 



^ y^ y^ 2~iii3ir2-^2i32T 

€i=»^i6="2 

= : Ki+K2+^3+^4. 



2^1 2*2 

/ , ^l ^2 Ay^U2\^l^^2) 

Ul=l U2 = l 
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Let us estimate K2- 



oo oo 



i^2 < ^ ^ 2^i''i^2"^2/32T 



oo 2"2 

!/l=2«l +11^2 = 1 



+ 



oo oo 



=: K21+K22. 



00 2^2 

1/1=251+1 i'2=2"2+l 



Using (j8.3p and Lemmas 13.51 13.61 we get 

' / 00 712 \ P' ^ 

dxi dx2 
Using Minkowski's inequality, (|8.2p . Lemmas 13.5113.6] and Theorem 15.11 we have 



K21 < 2""2/32r y^ 2?i'"i'^ 
6="i 



2^^ 27r , ^ ^^ > p/2 

vO \i'i=?i+ 1*^2=0 / 



t/p 



K < 2-"2/^2rJ 



27r 27r 



00 n2 



r/2- 



< 2^"2P2T 



< 2~"2/32-r 



< 2~"2/32T 



L' 

27r 27r 



y^ 2^l''l^ ( y^ y^ 2^''2(r2+/32)/s^2 
Ci=ni \i'i=Ci + l ;^2=0 



I/11/2 



p/t 



dxi dx2 



!^1 



L' 

2tt 2tt 



\ 2/-^ n2 

V ( V 2^i''i^ ) V 22^2(^2+^2) A^ 

!/l=ni+l \gi=ni / 1/2=0 



iyiU2 



p/2 



t/p 



t/p 



dxi dx2 



00 712 



y^ y^ 22''i''i22''2(''2+/32)^ 

Ll/l=»ll+l!/2=0 

00 2"2 

^ ^..[V2^^+^M,,,,(X1,X2) 
;/i=2"i +1,^2 = 1 



2 

l/li/2 



p/2 



dxi dx2 



r/p 



< 



u;l^,p,{f^''''-'\5u52), 



Estimating i^22 as above, we get: 



27r 27r 



i^22 < E 2"^^'"'" 

6 ="2 V 



00 S,2 

y^ y^ 22^l'-i22'"2(r-2+/32)^2 

.ui=ni + l U2=n2+l 



p/2 



t/p 



dxi dx2 



< 



27r 27r 



u 



00 I 00 S,2 

y^ 2"^2/32r / y^ y^ 22'^i^'i22'^2(r2+^2)^2 

^2=712 \j/l =711 + 1 1/2=712 + 1 



t/2- 



p/t 



t/p 



dxi dx2 
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Further, 



K22 < < 



2lT 2lT 



00 / 00 \ ^Z''' 00 



V2=n2+1 



< 



< 





00 CXD 



£,2=1^2 I i^i=ni+l 



2 
V1U2 



p/2 



dxi <1X2 



t/p 



Similarly, 



jyi=2"l+li/2=2"2+l 



2"i 00 

1^1 = 1 ;/2=2"2+l 



+ 



00 00 



E E T^{^^l^Au^V2{xi,X2) 

jyi=2"l+ll/2=2"2+l 



< 



^ft,/32(/^'^^''''^'^l>^2)p. 



Finally, we obtain the estimates for Ki and K^: 



CXD 00 



-^1 ^ E E 2«l^'i^2«2r2r ^ 

6 ="1 6=^2 



27r 27r 







00 00 



E E ^^2 



p/2 



dxi dx2 



t/p 



< 



CXD 00 



E E vY^l^Ay^u2{xi,X2) 

;yi=2"l+l!/2=2"2+l 



<^h,P2if'-'''''\^^^^2)p 



and 



00 00 



+ 2- 



E E K^^'2^yiy2{xi,X2) 

i/l=2"l+liy2=2"2+l 

2"1 00 

E E '^r^^'^2'^i^i<^2(3;i'a;2 



-n2/32T 



00 2"2 

E E^l'^2'^'''^'^i-2(^1,^2) 

jyi=2"l+l 1^2 = 1 



-ni/3iT 



1^1 = 1 ;y2=2"2+l 
2"l 2"2 



-?ll/3lT — ?12/32T 



/ . ^1 ^^2 ^i/i;/2i2;i,X2; 



1/1=1 i/2 = l 



<^h,P2U^'''''\h,52\ 



u 



Proof of Theorems 18.21 and 18.31 These proofs are similar to the proof of Theorem 18. 1[ We use 
the following two statements which follow from Lemmas 13.81 13.91 and Theorems 17. 2^ 17.31 
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Let / G Mp,l <p < oo,f3i,ri> 0,i = 1,2, ni,n2 G N. Then 



(ri.ra) ^ 1\ _ ^ I ST^ ST^ „P , (/3i+ri+l)p-2 (/32+r2 + l)p-2 

/3i /32 1 Z^ Z^ ";^i,i^2'^l ^^2 

1 ^^2 I t/l = l !/2 = l 



1/p 



-/.„/32^/^^^'^^^-,-j^^^,^ ^ - 
\ ni n2/Lp(T2) ^'^ 



f ni oo ^ 1/P 

-U J \^ \^ nP (/3i+ri + l)p~2 (r2 + l)p-2 I 

+ "371 ^ ^ V,i'2'^l ^^2 f 



?7 



OO 712 '^ 'P 

^1 ^ Z_/ "'^1.^2''1 

>! 1/P 

i+l)p-2 (r2+l)p-2 [ 
W ,1^2 '^1 



I J_) V^ \^ nP „(n+l)p-2,,{/32+r2 + l)p-2 
"^ „/32 1 Z^ Z^ "- '-^ 
"-2 L ^i=ni + l 1/2=1 



{oo oo 

E E 
i/l=ni + l ;/2=n.2 + l 



^P „(r-i+l)p-2^/r2+l)p-2 



■P' 

ni n2 "^ -'-/^ 



Let / G Ap, 1 < p < oo, /3j, Tj > 0, n^ G N, i = 1, 2. Then 

1 1 X 1 C m n2 

^.;« « /^f(n,r-2) J^ L\ _ ^ V V A^ 22(''i(''i+^''i)+''2(/32+r2)) 

"^/^l.fe^^^ '2'^l'2"2/p ^ 2"l'3l+"2/32 I Z^ Z^ ^Ml.M2^ 

(' ni oo 'j 1/2 

I _!_J V V A^ 22(/^i(/5i+^i)+/^2r-2) I 

^ 2"i'^i I Z^ Z^ Mi.M2^ f 

I 111=0 Ii2=n2+1 ) 

xl/2 



I I" oo n2 

J_ J V- y- X 2 22(wr-l- 

12/32 \ Z^ Z^ ^Vl.M2^ 

I /^i=ni + l /i2=0 



I ~ ; \ ■ \ ■ \^ 2^i/iir-i+M2(/32+r2)) 

2"2/; 

/^i=ni + i^2 = 



{oo oo ^ -'-/2 

A'l=n'l+l A'2="2+l ) 



D 

Note that Theorems 18 . Hl8^ deal with the most important case when uip{f^'^' ,5)p is estimated in 

terms of a;r+;3(/, t)p. However, to completely solve the general problem on the interrelation between 

W/3(/^'\<5)p and tJr+/3(/,t)p, 

we have to consider two more cases: 

(i). l = r — a, 0<a<r; 

(ii). l = r + a, 0<a</3. 

The results covering these cases are provided below: 

Theorem 8.4 (i). Let f G ^^(T^), 1< p < oo, 6* := min(2,p), and r := max(2,p). Let /3i,/32, > 0, 

< ai < ri, < 02 < ?'2, and 61,62 G (0, \). 
A). Ii 

1 1 

-{r'l— Qi)6— 1 , — (r2— a2)9— 1 



tp---^^-^t-^---^^-^<^^^_,^^^^(/,tl,t2)L,(T^) dtl dt2 <00, 
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then f has a mixed derivative j(''i~"i'''2-02) ^ Lp(T^) in the sense of Weyl and 

where 

{11 ^ Vs 

y y *1 ^'''i^'i^j *2 ™™i^'^j '^ri+/3i,r2+/32(/'*l'*2)p — — > 

J 

B). If / e Lp(T2) iias a mixed derivative /('^i-"i.'-2-°2) ^ lO(T2) in tiie sense of Weyl, then 

'^ft,&(/^^^-"^'^^-"^\'^l,'^2)L,(T2) > J(r). 

(ii). Let f e -^pClT^), 1 < p < oo, 6* := min(2,_p), and r := max(2,p). Let ri,r2 > 0, < ai < /3i, 
< 02 < (32, and 6i, 62 G (0, i). 
A). If 

1 1 

-{ri+ai)e-l,-{r2+a2)0-l B 



tp— ^^-t-^— ^''-<+^^,,^^,^(/,tl,t2)L,(T2) dti dt2 < 00, (8.4) 



tiiei3 / lias a mixed derivative j(^i+"i'^2+02) ^ Lp(T^) in tiie sense of Weyl and 
where 



1 1 



l/s 



and 

ii^(/,^) := //%^"^'^^^^-'t2"^"^"^^^"'<+/5„.2+/32(/>^l>*2)L,(T2) dti dt2 
loo 

B). Iffe Lp{T'^) has a mixed derivative /('^i+"i''"2+"2) ^ L°(T2) in the sense of Weyl, then 

The proof can be found in [58] : see also [59j. As in Theorems 18.21 and 18.31 the sharpness of this 
result can be shown by considering function classes Mp and Ap defined in Section 2.4. 

Moreover, in part (ii), ^(/(n+ai/ra+aa)^ gi) co^y ^ot be replaced by u}p^^fi^U^''^^'^^''"''""'''\h,^2)Lj,{T^)- 
Indeed, we consider 

00 00 -(ri+/3i + l-i) -(r2+/32+l-^) 

h{x,y) := y] y] ^ . , 1 ^^-— 1 cosmx cosn2y, 

„t^i„t^i ln^^+^(2ni) ln^^+^(2n2) 
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where p G (l,oo), ri,/3i,Ai > 0{i = 1,2). Then, by Lemma [3.81 we have / € Lp(T^) and, by 
Theorem 17.21 

Hence condition ()8.4p holds and f^ "^'^^ "2j ^ Lp(T^). Moreover, one can easily check that 
On the other hand, 

'^/3i,/32(/l S'5i,'52)Lp(T2) - (^1 ''2 I 1^ dl | |ln(52| 

and thus -D(/x °^'^^ "^ iP) aiid '^/3i,/32(/i "^'^^ "^ )l (t2) indeed have different orders of mag- 
nitude. 



9 The mixed moduli of smoothness of Lp-functions and their angular approxi- 
mation 

As we already mentioned, Jackson and Bernstein-Stechkin type results are given by the following 
inequalities: 

vr TT 

^ni,n2(/)Lp(T2) ^ ^k^^U ■• ,1' , i )^p(T['2) 

ni+1 n2+l 



- (ni+mfm + l)^^ ^ ^ ^i'^"'^2^"'>^.x-i,.2-i(/)l,(t2). 



(ni + l)'=i(n2 + l)* _, , 

The next theorem provides sharper estimates (sharp Jackson and sharp inverse inequality). 

Theorem 9.1 Let f G ^^(T^), 1 < p < oo, a := max(2,p), 6* := min(2,p), a^ > 0, n^ e N, i = 1, 2. 
Then 

l/a 

< ^ 1 M 

ni^rio- I ^^. '^, "^ ' I V ni n2/^^(T2) 



l-ni+lna+l ^ ' 

J \ ^ \ ^ QiCT — 1 a2U—l-t^cr t j:\ I 

1 "2 [^, = 1^2=1 J 

ni + ln2+l "1 ^/ 

z^^i' ^2 >;i-i,z.2-i(/)ip{T2) f 



rv^ (y.^ OLO 

n-, rin 
J- ^ V 1^1=1 ;^2= 



The sharpness of this result follows from considering special function classes, see Section 2.4. 
Theorem 9.2 Let f G Mp, 1 < p < oo, «» > 0, rij E N, -i = 1, 2. Then 

i/p 



Woi,a2 W ' ' I ^ „ai »,«2 



ni+ln2+l ^ ' 

y: y: -r-'-r-Xu,u2-iifK(T^) 

Ul=l 1/2 = 1 ) 
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Theorem 9.3 Let / G A„, 1 < p < oo, Oj > 0, n^ G N, i = 1, 2. Then 



OJ, 






1 1 



^1 ^^Jl^{t^) <'<' 



rai+ln.2+1 "] 

!/!=! 1/2 = 1 J 



1/2 



Proof of Theorem 19. IL Define 



rii + l n2+l 






ny-^'^n 



(T2)- 



1/1 = 1 1/2 = 1 



For given n, G N we find integers m,j > such that 2^"' < raj < 2'"'"'""^,* = 1,2. Then using 
monotonicity properties of YvY^v^^f^L (T^) we get 

mi + l m2+l 
TO- < 9-(aimi+a2m2)o" Y^ Y^ 9(Miai+M2a2)o-T^o- / j-% 

Ati=0 /X2=0 



Using Lemmas 13.51 and 13. 6^ we have 



27r 27r 



< 



rrii+l m2+l 
j-cr ^ 2" ("l'"'l+"2m2)CT \ ^ \ ^ 2('^i°i+'^2«2)a- 

Ml=0 At2=0 ^_g Q 

2- 2- . oo oo \ P/2 ^ "/P 

E E <^2 dxd, 

g g ^i/i=mi + l i/2=m2+l / 

o— ai'inicr \ ^ oQi/^icr 
Mi=0 



cxD oo \ P/2 

2 
^1/1 1/2 
,1/1=^1 1/2 =M2 



E E^^ 



dxdy 



o-/p 



m2 



KQ 

27r 27r 



mi oo \ P/2 

E E <^2 

i/l=/ii i/2=m2 + l / 



oo m2 \ P/2 

+ 2-"^-- Y. 2°^^^'^ <! / / ( E E ^1.^2 

M2=0 [g Q \i/i=mi + l i/2=Ai2 / 



dxdy 



dxdy 



u/p 



u/p 



1-K 2-K 



m\ m2 \ P/2 

1/11/2 I 



mi+1 m2+l 
_|_ 2(~°i''"i~"2m2)o- V^ V^ 2(/^i°i+'^2a2)o- } I I I \^ \^ A 

/il = l /X2=l l^ g g \l/l=Ml I^2=M2 

= : /1+/2+/3 + /4- 



dxdy 



ct/p 



By Lemma |3.6^ we have 



Now we estimate 



h ^ 11/ — S2™1.°° — Soo,2'"2 + 52™! ,2^2 \\1 



Lp{T^)- 



mi 



2tt 2-k 



/2 = 2-"i'^i'^ ^ 2"i''i'' { { Yl E ^ 



Aii=0 



mi oo 



p/2 



,2 
I/li/2 



dxdy 



.0 



\ui=fii i/2=m2+l 



cr/p 
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Minkowski's inequality {cr/p > 1) implies 






27r 2n 


mi 


/ ra\ oo 


// 


V ^ 2"!^!'^ 


>: >: A5.. 





_Mi=0 


\!/i=/il i/2=m2+l 



ct/2' 



p/o- 



dxdy 



cr/p 



Taking into account Lemma 13.21 we get 



U < 2"°!™!'^ < 



2tt 2tt 







mi / oo \ "^/^ 

2 

1^1=0 \u2=m2+l 



^2— ^ A^ 



p/o- 



dxdy 



a/p 



Since (t/2 > 1, Lemma [3TT] yields 



27r 2n 



h < 2""i''"i'^ 



.0 



mi oo 



,1/1=0 i/2=m2+l 



2 



p/2 



dxdy 



a/p 



Then Lemmas 13.51 and 13.61 imply 



h < 2 



-QimiCTii „(ai.O) 



•52™V,oo(/ ~ Soo,2™2(/)) 112^(1-2). 



Similarly, 
and 



/3 < 2-"^"^^'^||s£;^^)2(/ - ^2™i,oo(/))|II^(Tr2) 
r < n— (oimi+Q2m2)o-|| ("1,02) /'fXllo- 

-'4^^ ll*2'"i,2™2 U JllLp(T2)■ 



Therefore, 

^'^ ^ 11/ ~ S2™1'°° — •Soo,2'"2 + S2'"i,2'"2 IIJ (j2\ 



,(0,02) 



+ ^ ll'52™i,ool/ -■5oo,2'"2(/jj||^^(T2) + 2 llSoo,2™2(/ -•52™i,oo(,/jj|lip(T2) 

I 9-(aimi+Q2m2)o-|| „(°i''^2) /fNllo- 
^ ^ ll*2'"l,2™2 U JllLp(T2)- 

Applying Theorem 15. H we get / < (^ai,a2 (/; 2^' 2^)l (t^v Then using properties of the mixed 
modulus of smoothness, 



I ^ ^ai,a2 ( / 



1 1 



< I f L 1. 



omi+l ' 9m2+l / ^^ - - \ -n. Tin ; 

Thus, the estimate from below in Theorem 19.11 is shown. Now we prove the estimate from above. 
First, 

T - ( f L L\ < ff-L^ 

where 2"^' < n^ < 2™^+^,i = 1,2. Theorem 15.11 gives 



Lp(T2) 



rp < r,-(Qimi+a2m2)p||„("l'"2) ( f\\\P , o-aimiPII „("i.O) / f _ „ ^mo f /"'l'^ 11^ 

-'5 ^ "^ ll'^2"i,2™'2 U JllL^(Tr2) T^ ^ ll'^2™i,ooU ^oo,2"^2[J ))\\i^(^j2^ 



JO-"2) 



IP 



I o — ce2?Ti2PII l'-'i'-^2/ / r ( £\\ \\P I II -f I IIP 

+ ^ Poo,2™-2U — •S2™i,ooiJjj|!^ (•'j'2) + IIJ — S2™1.°° — Soo,2'"2 + S2™1,2™2 ||^ j-^2) 

=: le + Ir + h + Ig. 



M. Potapov, B. Simonov, and S. Tikhonov 



38 



2tt 2tt / \ P/2 

' mi 1712 



Lemmas 13.51 and 13.61 imply 

r < 9— (miai+r?i202)p 

If 2 < p < 00, we use Minkowski's inequality and Lemma [37 



\A«i=0M2=0 



mi r?i2 



/^2 



dxdy. 



27r 27r \ 2/P ^ 

E E 22(A'i"i+/^2a2) [ / ^ |A,,,^,rdxdy 



Ml =0/^2=0 
mi m2 



vO 



p/2 



2{miai+m2a2)p J ^ E ^^^^'"'"^^'"'^ 11^2^1 ,2^2 (/)- 83^1 , 
[_/il=0At2=0 

■S [2*^1-1], 2^2(7) + ■5[2Mi-ij,[2M2-ij(/)|Ilp(t2)J 



L2M2-1J 



(/)- 



mi+1 m2+l 



p/2 



< 2-(™i"i+™202)p ) V^ V^ 22(Mi"i+/^2a2)y: 



L2fi-iJ,L2f2-ijU jLp{T2) 



{f)l 



Mi=0 M2=0 

If 1 < p < 2, we use Lemma l3. II and Lemma 



mi m2 



27r 27r 



i+/.2a2) / / lA^^^^JPdxdy 







J < 2~(™-l"l+™202)p \ ^ \ ^ 2P(A'1'^1" 

Ati=0At2=0 
mi m2 
^ 2("^1"1+™2"2)P ^ ^ 2P('^1"1+'^2"2)||52^^^2M2(/) - S2Ml,[2M2-lj(/) 
/il=0p2=0 

— S^2M1-1J,2'^2 (/) + S[2Mi-iJ,[2M2-lJ (/)IIlp(t2) 

mi+1 m2+l 

< r,-(miai+m202)p V^ V^ 9P(Miai+/i2a2) v^ (' fl 

-- -^ 2^ 2^ ^ -^[2Mi-iJ,L2f2-ijU jLp{T2)- 



Mi=0 M2=0 



Thus, we show 



mi+l m2+l 

r < 9-(miQi+m2Q2)p J V^ V^ 99(aiiQi+ai2Q2) v^ ^ f "l 

^6^^ ^ 2^ 2^ ^ ^[2Ml-iJ,[2M2-ijl/)Lp(T2) 

Mi=0 M2=0 



p/e 



Now let us estimate /y. Lemmas 13.51 and 13.61 imply 



2-K 2-K 



mi oo 



p/2 



^^<2— laip/ / I E E 22^^-^A2^ 
\Pi=0At2=m2+l 



P2 



dxdy. 
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Again, for 2 < p < oo, Minkowski's inequality, Lemmas 13.61 and 13.31 give 



T < 2"^! "IP 



mi 



< 2 



m\oi\p 



Mi=0 



V^ 2'2^llal 
Mi=0 

mi+1 



27r 27r / _ \ ^/^ 

Q \M2=ni2+l 



a/p^l 



p/2 



2n 2tt 



oo oo 



p/2 



E E ^: 



2 

;^iM2 



dxdy 



\^i=A'i M2=ni2+1 



2/p- 



p/2 



< 2-1"^^ ^ 22^1-1 y2^,.ij_2™2(/)L,(T^ 



p/2 



Mi=0 



mi+1 7712+1 

< 2-(™i°i+™2«2)p J Y^ \^ 92(^1 ai+/i2a2)\^2 , (' fl ^ .n^ox 

^ ^ ^ 2^ 2^ ^ ^[2Mi-iJ,L2f2-ijU jLp{T2) 

Mi=0 M2=0 



p/2 



If 1 < p <2, Lemmas 13.11 and 13.31 imply 



2tt 2tt 



nil oo 



Q Q fii=0 fj.2=m2+l 
mi 1[ J[ oo oo 

< 2— i"iP ^ 2P'^i"W / ^ ^ |A,,^,rdxdy 

^1"*^ '^i^/^l /^2=m2+l 

mi+1 

< 9-miaip V^ 9P^iQiT^P ( f\ 

-; ^ Z^ ^ ^[2Mi-iJ,2'"2UjLp{T2) 

A«i=0 

mi+1 m2+l 

< 9-(miai+m2a2)p V^ Y^ 9P(Mioi+/i2a2) v^ f' fl , „■. 
-^ -^ Z^ Z^ "^ ^[2Mi-iJ,[2M2-ijUjLp(T2)- 



Mi=0 A'2=0 



Thus, 



Similarly, 



J < 2~{™1"1+™2"2)P ^ 



mi+1 7712+1 
Ati=0 At2=0 



p/0 



7711 + 1 7712 + 1 

T < 9-(miQ!i+m202)p ) Sr^ \ ^ 96(Aticn+Ai202)v9 / f ^ 

-'S ~ ^ ^ Z^ Z^ ^ -^[2Mi-iJ,[2M2-ijl/jLp(T2) 

Mi=0 M2=0 



p/0 



By Lemma [3?3t we get 



h ^ ^2^"ii,2™2(/)Lp(T2)- 
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Combining these estimates, we have 

{mi+l "12+1 
2-^2-^'^ -f [2"!-!], [2^2-1] UjLp(T2) 

Mi=0 A'2=0 



pIq 



and using properties of Yiy-^^^^iDi. 



h< 



1 1 



'ni+1 n2+l 



rv^ ai ao 
71^^ 71,2 



EY^ aiS-l a26'-l-i^6» / p\ 



. 1/1 = 1 1^2 = 1 



Thus, the proof of Theorem 19.11 is complete. 
Proof of Theorem 19.21 Define 



P 



1 1 
''1 'H 



711+1 n2+l 



Y^ Y, ^r-'-r~Xu,u,-iifKiT^ 



Ui=l 1/2 = 1 



By Theorem 14.21 we have 



jp < 



1 1 



"1 + 1 12 + 1 



''l "2 



E\ ^ aip— 1 a2p— 1 P If \ 

2^^ ^1 ^2 -Kj+u«2j+i ^/' ^j^r ^;^TT;,^(,2) 



Theorem 17.21 imphes 



D 



^ ^ ni+ln2+l 



aip-1 a2p-l 



- <^P n^^P f^^ f^^ (ZVI + l)(L"iJ + l)P(l/2 + 1)(L"2J+1)P 



i/l !/2 

EE 

Mi=1M2=1 



,p ,,{KJ+2)p-2 (La2j+2)p-2 



«Ml,M2/^i /^2 



ni+ln2+l ,aip-l,a2P-l 
1 1 V -r V -v //i i/2 

+ -^^ 2^ 2^ (^.^ + l)(LaiJ + l)p 



n 



m+l 712+1 aip-l a2p-l 
1 1 ^ -r ^ -r //i Z/2 

^ <^;^ ^^ ^^ (1.2 + 1)(L"2J + 1)P 

^ ^ i/1 =1 1^2 = 1 

1 1 



1^1 = 1 V2- 

ni+1 712+1 



7/1 00 

E E 

/ii=i /i2=;^2+i 

00 1^2 



p (L«iJ+2)p-2 p-2 

"'til,fi2h'-l A^2 



7 . 7 > "mi,m2/^2 

/il=l'l + lM2 = l 



(LqiJ+2)p-2 p-2 

A'l 



+ 



nf ^ n"^P 



^ ^ z^fiP-Vf P-^ 



7/1 = 1 7/2 = 1 

Changing the order of summation, we get 

^ -. 711 + 1712+1 



E E <..2(/^i/^2r 

/ll='^l+l /12=7/2 + l 



= :^l + /42+A3+^4. 



4 < _^ ^ "^ "^ nP „K + l)p-2 (a2 + l)p-2 _. „ 

1 ~ „aiP„a2P 2^ 2^ "mi,M2^1 '^'^ —• ^ 

""I "'2 1 1 

'- ^ ^1 = 1/^2 = 1 



/^2 



We proceed by estimating A2. 



^2 ^ aip a2P 

''1 ''2 



^ ^ Tll + l 712 + 1 7/1 712 

E E .j--L«ij-i)P-v«2P-i ^ ^ <„,,^SL-J+^)^-vr^ 



7/1 = 1 1/2 = 1 



"2 E E "m,/i2^i 

/ll=l/12=!^2 



^ ^ 711 + 1 712 + 1 7/1 00 

, _J: ^ v^ v^ ,X"i-L"iJ-i)p-i Q2P-1 v^ v^ « ,,(KJ+2)p-2 p-2 _. . . 

+ -mn-o^ 7 ^ 7 . ^1 2 2^ 2^ >1,M2^1 ("2 -■^11+^12- 



aip ^a2P 



7/1 = 1 1/2 = 1 



/11=1 /12=712 + 1 
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Changing the order of summation, since [aij + 1 > ai and a2 > 0, we get 



^ ^ ni + ln2+l 

A < _t ^ "S^ \^ ^P K+l)p-2 (a2+l)p-2 _ „ 



^1 ^^2 



/il = l /i2 = l 



It is clear that 



^ ni+l i^i oo 

i NT^ (ai-[aij-l)p-l >r^ >r^ p ([aiJ+2)p--2 p-2 



^12 $: -alp 2^ i^l Z^ Z^ %uf^2f^l ^2 

^ 1^1=1 A«i=l A«2=n2+1 

Once again, changing the order of summation, we have 

-. ni+l oo 

Thus, A2<Bi + B2. 

Similarly, we get A3 < Bi + B3 and A4, < Bi + B2 + B3 + B4, where 

00 n2+l 



^^a2P Z^ Z^ "/ii,M2^1 ^^2 

and 



-"3 • a2P 

/to 

^ /Jl=ni+1 /i2=l 



00 00 

\P-2 



^4:= E E <i,/.2(/^i^2) 

fj.l=ni+l fj.2=n2+l 

Combining the estimates for Ai, A2 , A3, and A4, 

rp < ^ V V nP ,.("i+l)p-2 (a2+l)p-2 , ^ V V n^ ,,("i + l)P-2, ,P-2 

~ „"1P„"2P Z^ Z^ "I'l, 1/2*^1 '^2 "T aip Z^ Z^ "!^l,!^2^1 ^^2 

/ti /to /fc-1 

^ "^ 1/1 = 1 U2=l ^ ui=l U2=n2 + 1 

^ 00 712 00 00 

+ i E E <..-^'-^^'^^" + E E <.2(-i-2r^ 

/to 

^ ;/l=71i + l 1/2 = 1 i/l=ni + l /^2=»T.2 + 1 

1 1 



Theorem 17.21 yields / < ^^01,02 (•/''"'") ' ^•^■' ^'^^ estimate from below is obtained. 

To get the estimate from above, by Theorem 17. 2^ we have 

ni 712 

nP (-n ^ ^P-1 < - "S^ \^ nP „(LaiJ+2)p-2 (La2j+2)p-2 

^ni,n2^nin2) _ (ai]+l)p (La2j+l])p Z^ Z^ "1^1,1^2 '^l '^2 

"1 "-2 i/i = [ni/2j + li/2 = Ln2/2j + l 

1 1 



< '"L"iJ+U«2j+i^/'^^'„2^^^^^,^ 



rs^ 



Moreover, 

00 ^ Til 00 



„P-1 V- „P j,P-2 < ^ V V aP j,(L°iJ+2)p-2 p-2 



^(LaiJ+l)p 

^^.11 

^[qiJ+1,[q2J 



1/2=712 + 1 "'I jyj=L!^J+l!^2=71.2 + l 

'''' nJ+l,LQ2j+l W'^T'T- 



"1 ^2/Lp(T2) 



n: 



p-i 
2 



Ep p-2 < P / f J_ J_ I 

V,n2^1 - '^L"iJ+l.L"2j+l l^-'' ^^'^2/ 



i/l=ni+l 



'^l ^2/Lp(T2) 



and 
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EV^ p p-2 p-2 < p I f ^ ^ \ 

=ni + lu2=n2+l ^ ^y LpiJ^ 



Again, using Theorem 17.21 we have 

ni n2 



/ 1 1 \ -, /»1 '62 



^1 '^2/^^,(12) "l ^2 



n\ oo -I '^2 oo 



^ !^i = l i/2=n2+l 1^2 = 1 ;^i=ni+l 

oo oo 

p-2 



i'i=ni+l i'2='^2 + l 



Then applying the above mentioned inequahties, we have 



1 1 \ , 'n '12 / 1 1 \ 

p / f 1 < \ ^ \ ^ «ip— 1 Q:2P— 1 P I f 1 

'^-l.°2 I /'—'—] ^ ~ ^^1P„«2P^^^ A.^'^l ^2 '^L"lJ+l,L"2j+l\^-^'-'-^^^^^^ 



^1 "2/^^(12) n 



1 V^ aip-l P / f J_ J_ 1 



+ '^KJ+Ua2j+i(/',^'„,^^^^^,^ 



laiJ + l,LQ2j 

Properties of the mixed moduh of smoothness imply 



"1 "2 ^11 



/ 1 1 \ 1 ^ ^ 

, I f _ _\ < -^ V^ V^ , aip-l, a2P-l p 

n,a2 \ •''„'„, I ~ „"iP„a2P Z^ Z^ ^1 ^2 '^[ai 



J+l,La2j+l y- r/1 l/2/r m^ 

!/l = ii/2 = i ^ i ^/ Lp(T2) 



Then, by Theorem 14.2 



1 1 

^ai,a2 (/'—.— 

/ \ P 

"1 "2 Qip— 1 a2P— 1 / '^i '^a 



r^ aip a2P /_^ /_^ {LaiJ+l)p (KJ+IJP I Z^ Z^ '^l ^2 -^ Mi-l,/i2-lV./ ^Lp 



'1 '2 ,,j = l ,,2 = 1 (^1 1^2 \^i=l;,2=l 

By Hardy's inequality (Lemma 13.20 . we get 

ni n2 



(T2) 



1 1 \ -j^ /«1 ''■2 

"1 ^2yL^(T2) ^1 "2 ^^^1^2 = 1 



Thus, the proof of Theorem 19.21 is now complete. D 
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mi 1712 



Proof of Theorem 19.31 Here, it is enough to show that u:ai,a2 (/; 2^^ 2^) 

J ._ 2-(™i'^i+"^2a2) ^ 

Lemmas 13.31 and 13.91 imply 



Lp(T2) 
1/2 



/, where 



/il=l/i2 = l 



/ 



-(m-iOii+m2a2) 



m\ r?i2 



y^ y^ 22(Mi"i+M2a2)| 
Ml=l A«2=l 



-(miOi+m,2a2) 



mi m2 



f - S2Mi_i,oo(/) - Soo,2''2-l(/) + S2Mi_i,2M2-l(/)||^^(']r2) 

1/2 



1/2 



00 00 



E E 2^^'^-^+'^-^) E E ^l. 

M1=1M2 = 1 !^1=/»1 ;^2=A«2 

1/2 



/^2 



mi m2 



2-(miQ!i+m2a2) J V^ V^ _)^2 22{/^lQ!i+M202) 

Ati=lM2=l 

1/2 



mi 00 



^ +2— ^"^<jE E ^m,M22''^^"^ 



1/2 



00 m2 

2-2.2^ E E^m,..22^ 

/il=mi+l /i2=l 



202 



00 00 



HE E a: 

/il=mi+l /i2=m2+l 



2 
A«l.M2 



1/2 



Lp(T2)- 



D 



Using now Theorem 17.31 we finally get / x Wqj^qj (/, 2^7, 5^) 

Theorem 19.11 was proved in the case of a^ G N in the paper [55]. For the proof of Theorem 
19.21 see [31] . The one-dimensional sharp Jackson inequality was proved in [57] . The history of this 
topic and new results can be found in 



10 Interrelation between the mixed moduli of smoothness of different orders 

in Lp 

We have stated above (see Theorem 14. ip that the following properties of mixed moduli are well 
known: 



^/3i,/32(/'<^1i<^2)Lp(T2) ^ ^ai,a2(/''^l''^2)Lp(T2); 
^01,02(1,^1, ^2) Lp{j2) ^ W/3i,/32(/)'^1)'^2)lp(t2)^ 



s-oi s:a2 
"1 "2 



^01,02(1, Si,S2)Lp{T2) ^ S^^S^^ / / 

J 81 J 5: 



^ '■"^ '^/3i,/32 (/'*!) *2)lp(t2) dti di2 



+01,02 
fe '■I ''2 



tl t2 



where / e L°(T^), 1 < p < 00, and < aj < ft, 5i G (0, \),i = 1, 2. 
The following theorem sharpens all these estimates. 
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Theorem 10.1 Let f G -^p(T^), 1 < p < oo, r := ma.x{2,p), 9 := mm{2,p), < Oj < /3j, 
6i G (0, i), i = 1,2. Then 



1 1 



l/r 



(5^^(52^ < / / ti°^i2°^'^/3i,/32(/>*l>*2)Lp(T2) 



k<5i 52 






< 



^01,02(1, h, ^2) Lp(j2) 



1 1 



<C^2M / / tr%'''^P.Mf,tl,t2)L,iJ2^ 



<Si S2 



e dii dt2 

ti t2 



These estimates are the best possible in the sense of order. This can be shown using the fohowing 
two equivalence results for the function classes Mp and Ap defined in Section 2.4. 

Theorem 10.2 Let f £ Mp,l < p < 00, < Oi < (3i, 6i G (0, i), i = 1, 2. Then 



1 1 



i/p 



Wai,a2(/,(^l,(^2)Lp(T2) - '^"''^2' S / / % "'*2 """^ft.fe (/' *1' *2)Lp(T2) 



^<5i 52 



P dti dt2 



Theorem 10.3 Let / G Ap, 1 < p < 00, < Oj < /3j, 5j G (0, i), i = 1, 2. Then 



ra2 
^2 



Proof of Theorem 110. IL We consider 



1 1 



1 "^*2 "^^/3i,/32(/' *1) *2)lp(T2) 



2 dti dt2 

tl t2 



1/2 



5i 52 



1 1 



l/r 



/:=5°M°2 



*i"^*2"^'^/3i,/32(/;*1'*2)lp{t2) 



r dti dt2 



52 



For given 6i G (0, i), we take integers rij such that -4rT <(5^<:;^,^ = l,2. Then 

ni n2 / 1 1 \ 

r-r < „-aiT -a2T Sr^ Sr^ aiT-1 a2T-l r f ] 

;^i;^i V m wyL,(T2) 



Further, Theorem 19.11 implies 

ni+l n2+l 






aiT-;Sir-l a2T-^2T-l 
M2 



'Mi + lAi2+l ^ 

k 1/1=1 1/2 = 1 ) 



70 



Since r/0 > 1, using Lemma [3121 we get 



"1 + 1 "2 + 1 

I ^n^ n2 Z^ Z^ /^i /^2 ^mi-i,a.2-i(/)lp(t2)- 

M1=1M2=1 
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By Theorem 19. H we have 






which imphes 



^ ^ "^01,02 ( /' 



ni + 1 ' 712 + 1 y j;^ 



Lp(T2) 



< Wai,a2(/''^1''^2' 



The estimate "< ti;Q,^_Q,2(/, (5i,52)p" is proved. 

Let us verify the part "wq,j^q,2(/, (5i, (52)p <". For given 5i € (0, |), we take integers nj such that 
:;rxT < (^i < — , i = 1, 2. Then, by Theorem 19. 11 we get 



V "■! "-2/r (T 



rii+l n2+l 



-^ — ai — a2 



^ ^ .r^-^-r^-^<^i,.-i(/)L.(T2) 



> 1/1 = 1 i/2 = l 



Then Theorem 14.21 gives us 



'ni + 1 n.2+1 



Wr 



1 a^e-i 



^ 1^1 = 1 t/2 = l 
1 1 



■ 1 1 



1/e 



< 6'^^6r{ / / t-'^%''-U;p,,p,if,tl,t2)LAT^) 



k(5i (52 



dti dt2 

h t2 



which completes the proof of Theorem 110.11 
Proof of Theorem 110.21 Denoting 



D 



1 1 



A -.= 5?' 5: 



■Ol r02 



1 '^2 



%"^^2"^^/3i,/32 (/i*1i*2)lp(t2) 



P dti dt2 



ySi (52 



1/p 



and choosing integers tt-j such that — ttt <'5i<;7-,i = l,2, we have 



AP X n-"^^n 



"1 "2 ^ ^ 

"1P^-02P V^ V^ Q:ip-1 Q!2P-1 P (f _ _\ 



Ml = l M2 = l 



Then Theorem 19.21 yields 



ni n2 /ii+l/i2+l 

aip^—a2P \ '- \ '- ,,oip— /3ip-l 02P~/32P 



/^l=l/i2 = l 



^2 2^ 2^ ^1 ^2 ^^.1-1,1/2-1^ jLp(T2) 

i/l = l 1/2 = 1 



ni+1 712+1 



— (^ip ~a2P 
"-1 ?1-2 



Ul = l U2 = l 
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Finally, by Theorem 19.21 we have A^ x uiai,a2{f: ^j ^) l (j2), which completes the proof. D 

Proof of Theorem 110.31 As above, let 



1 1 



i?:=CC / / ir^i2""^^/3„fe(/,^l,^2)z.,(T^) 



<5i $2 



2 dti dt2 

~17 



1/2 



and -;jipr < (^i < 4-, i = 1, 2. Then 



2"-i 



Using now Theorem 19.3^ we have 

ni n2 ^1+1/^2+1 

^2 ^ 2-"i"i2~"'202 X^ Y^ 22/^i'^i+2M2a2-2Ati/3i-2/i2/32 V^ V^ 22'^i/3i+2!^2/32y2^ ^ / i-\ ^ 

Mi=l M2=l !/l=l i^2 = l 

"1 + 1 "2 + 1 
^ 2-2(ni-l+n2a2) ^ ^ 22(-i"l+-2"2)y^2^_^^^^^_^(J)^^^^,^. 

1/1 = 1 U2 = l 

By TheoremESl we get B x ^^1,02 (/' 2^> 2^)r mi ^ '^ai .aa ( /> (^^i > (^2 ) , , ■ □ 

The one-dimensional version of Theorem 110.21 for functions with general monotone coefficients 
was stated in 1831. 



11 Interrelation between the mixed moduli of smoothness in various {Lp,Lg) 
metrics 



For functions on T, the classical Ul'yanov inequality ([97J, see also [25j) states that 



i/g 



^a{f,S)L^(r)< \ / t UJa{f,t)Lp(j) 



Q dt 



where / G Lp(T), 1 < p < q < 00, := ^ — ^, and a G N. Very recently, this inequality was 
generalized using the fractional modulus of smoothness (a > 0) as follows (see [6OI \75[ 191]): 



i/g 



^M^^)l,('I)< \ t t^a+e{f,t)Lp[j) 



Q dt 



Below, we present an analogue of the sharp Ul'yanov inequality for the mixed moduli of smoothness 
(see m)- 
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Theorem 11.1 Let f E ^^(T^), 1 < p < g < oo, 6* := i - |, ai > 0, a2 > 0. Then 



h t2 



vO 



Proof. For given Si G (0,1), there exist integers rii such that „.+i < (5j < 2^,i = 1,2. Then, by 
Theorem I5.1|. we get 

V ^ ^ /L,(T2) 
^ 11/ — •S2"i,oo - Soo,2"2 + S2"i,2"2 ||l,(T2) 

To estimate /i , we use Lemmas 13.31 and 13.41 



{oo oo ^ 1/9 

E E 2(-+-)^^1^2'^n_l,2^.-l(/)L,(T2) 
!^i=ni !^2=n2 ) 



Further, by Theorem 14.21 we get 



oo oo / ^ ^ \ ■^ 1/9 



^1 ^ 1 E E ^ ^'^"^^ ''^l,+g,a2+e (^/' 21^1 ' 2'^2 J^^^^, J -■ -^^ 



^ui=ni 1/2=112 



Let us now estimate l2- Define ip{x,y) := S2"i'oo(/)- Then I2 = 2 "i"i||(/? — Soo,2"2(v9)||j;, ('f2). 
Lemma l3. 131 imphes. for a.e. x, 

27r 00 / ^'T \ ''''^ 

^2=n2 Vo / 



Therefore, 



2tt 2tt ^ 27r / 2 

f f\^-s^,2-2{vWdydx< Y, '^''''' [ I 

'^2=n2 i \i 



2-K / 2-K \ l/P 

^- Soo,2-2(c/3)|^dy I dx. 



Using Minkowski's inequahty, we have 



27r / 27r \ ^/P / 27r / 27r \ P/? \ "^^^ 

/ / l'/'-'Soo,2'-'2(¥?)|^dy ^^^\\\\ l'/'-'Soo,2-2 (¥?)!' dx dy 



\0 / \0 \0 
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Since ip — SooX^i'^) ~ ■52"i'oo(/ ~ 'Soo,2''2(/)), then Lemma [3. 141 implies, for a.e. y, 

27r \ V? / 27r \ Vp 

4"iS(/ - ^00,2^2 (/))rdx <[j |4"i+r^(/ - .oo,2''.(/))r dx 

This gives 

271 / 27r \ P/? 27r 2-k 



\0 







Thus, 



oo ^ 1/9 



/2 < 2-"^"i j; 2'^^^'?||4°4+r^(/-.oo,2^.(/))||^^(^,) 



oo 



1/9 



12^ ll'S2"i,oo 1/ -•Soo,2-2(/jj||Lp(T2) 



(, V2=n2 

Now using Theorem 15. H we get 



Similarly, one can show that I3 '^ J and I4 < J. Combining the estimates for Ii,l2,l3, and I4, we 
get 



00 00 



^^ E E^ 









1/9 



Taking into account monotonicity properties of the mixed moduli of smoothness, we finally have 

1/9 
9 dti dt2 



f 1 1 

2"l+i 2 "2 + 1 



/< <^ 



(^1*2) ^ai+e,a2+6»(/)*b*2)Lp(T2) 



tl t2 







< 



5i ^2 



1/9 



< 



(^1*2) Wa-^+6l,a2+6» (/, ^l; *2)lp(t2) 



9 dti dt2 



.0 



D 
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11.1 Sharpness 



Let us show that it is impossible to obtain the reverse part > of inequahty pi.ip . i.e., in general, 
(jll.ip is not an equivalence. Let us construct a function /o(x,y) G Lp(T^) such that the terms on 
the left- and right-hand side of (jll.ip have different orders as functions of 6i and 62- Consider 



fo{x,y) := y^ y^ 0,^1^1,2 cos 2''^x cos 2*^^ y, where ^ 

ui=0 U2=0 



'2a.\v\~\-a2V2 



1 < p < q < 00, 



1 1 



p I' A > -i«i >0Ai = 1,2). By TheoremEa we get 



w, 






L,{T^) 



(ni + 1)^1 + 2(^2 + 1 



i/32 + ^ 



and 



to, 



( f J- J- 



Lp(T2) 



(rai + l)/^i(n2 + l) 

2ai!^i+a2i'2 



/32 



Using these estimates, one can easily see that 



Wai,a2(/0,'5l,'52)L,(T2) - f^"''^?'' ( ^^ 



<5l 



^1+2 / O \ ft+2 



and 



5i (52 



1/q 



(^1*2) t<Jai+6»,a2+6> (/o, il, i2)ip(T2) 



9 dti dt2 






In — I ( In ^ 



vo 
Thus, the inequality 



(11.2) 



<5i 62 



1/g 



Wai,a2(/, 5i,52)l,(T2) 



> 



(^1*2) ^ai+6l,a2+e(/5*l5*2)Lp(T2) 



9 dii dt2 



vO 



does not hold for /q. 

Finally, we would like to mention that inequality (jll.ip improves the classical Ul'yanov in- 
equality for the mixed moduli of smoothness given by ([54J) 



(5i 52 



1/9 



Wai,a2(/)'^1)'^2)L,(T2) 



(^1*2) WQj,a2(/'*l'*2)Lp(T2) 



^0 



9 dti dt2 



(11.3) 



Indeed, for /o we have 



'^ai,a2(/o>*l>*2)Lp(T2) ^ ^T'^T [ ^^ 



ly^-^^A ly^^^ 
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and therefore for this function 



5i 52 ^ ^Z"? 



31 02 1 fl I 1 



.0 



{tit2) (^aua2[JO,tl,t2)Lj,(T^)\ —> ^ d^ 0^ V^T) \T} 



Thus, for the function /q the integrals in the right-hand sides of (jll.ip and ()11.3p have different 
orders of magnitude as functions of 61 and 82 (cf. ()11.2p and ()11.3p ). 
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